GROUPS OF AUTOMORPHISMS OF BOREL SPACES

BY
V. S. VARADARAJAN(?)

1. Introduction. The main object of the present paper is to describe a general-
ization of some aspects of the classical von Neumann-Krylov-Bogoljubov theory
of the decomposition of a suitably restricted Borel space into its so-called ergodic
parts relative to a flow [1; 13; 18; 19]. Our main results deal with locally compact
groups of transformations acting measurably on sufficiently smooth Borel spaces,
and lead to a fairly detailed picture of the action of such groups of automorphisms.

The organization of the present paper is as follows. In §2 we summarize the
basic material concerning Borel spaces which is pertinent to our subsequent
discussions. In §3 we introduce the notion of a Borel G-space and examine the
intimate relation between Borel G-spaces and topological G-spaces. We obtain,
among other things, generalizations of well-known results of Mackey [17] and
Ambrose-Kakutani [2]. In §4 we take up the study of a standard Borel G-space.
We show that any standard Borel G-space can be decomposed, in an essentially
unique fashion, into disjoint invariant Borel sets on each of which the group acts
uniquely ergodically.

This decomposition leads to canonical forms for standard Borel G-spaces and
to representations of invariant measures as integrals of ergodic measures. In §5
we study the convex set of all invariant measures on an arbitrary Borel G-space.
We prove that every invariant measure is uniquely determined by its values on
the o-algebra of invariant sets and that the set of invariant measures is isomorphic
to the set of all measures on some, possibly abstract, o-algebra. In §6 we give a
number of examples and make a few remarks supplementing the preceding
discussions.

Some of the results of this paper are contained in a research announcement
of the Bulletin of the American Mathematical Society. After the announcement
was submitted, the present writer came across a preprint of Dr. R. H. Farrell
of Cornell University in which results close to some of the results of the present
work have been obtained. This writer would like to express his warm thanks to
Dr. Farrell for allowing a reference to his paper to be included in this work;
Dr. Farrell’s work will appear in the Illinois Journal of Mathematics. Thanks
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are also expressed to Dr. R. Sacksteder and Dr. H. Teicher of the Courant In-
stitute of Mathematical Sciences, and to Dr. Ranga Rao of the University of
Tllinois, for their interest in the present work.

2. Borel spaces. In this section we shall summarize briefly the basic concepts
concerning Borel spaces and prove certain auxiliary lemmas. Our terminology
closely parallels that of Mackey ([17]; cf. also [4; 14]).

A Borel space is a pair (X, #) where X is an abstract set and & a g-algebra
of subsets of X; & is called the Borel structure of the Borel space. When no
confusion can arise we refer to X itself as the Borel space. A Borel space (Y, %)
is a Borel subspace of the Borel space (X, %) if Y = X and % consists precisely
of the sets of the form A N'Y with A € €; we then refer to it as the Borel subspace
defined by Y. If (X ,%,) and (X ,,%,) are Borel spaces, a map f of X, into X, is
called measurable if f~'(A)e %, for all Ae#, Two Borel spaces (X,,%,)
and (X ,,%,) are called isomorphic if there exists a one-to-one map f of X, onto
X, such that fand f~ ! are both measurable; any such f is called an isomorphism.
An automorphism of a Borel space (X, %) is a one-to-one map of X onto itself
such that f ~'(4) e # if and only if AeZ. If X is a topological space we define
the Borel space associated with X to be the pair (X, %) where # is the smallest
c-algebra of subsets of X with respect to which all real-valued continuous functions
are measurable. & is then the o-algebra generated by sets of the form f~(C)
where C is any closed subset of the real line and f any continuous function on X.
When X is a metric space, # coincides with the g-algebra generated by the class
of all open sets in X ; in this case we shall refer to sets of # as Borel sets.

A Borel space (X,%) is countably generated if there exists a denumerable
class % < & such that & is the o-algebra generated by %;it is called separable if
it is countably generated and if {x} € Z for each x € X. (X, %) is called standard
if it is isomorphic to the Borel subspace of a complete separable metric space
defined by an analytic subset of a complete separable metric space. A separable
Borel space (X', 4’) is analytic if and only if there exists a standard Borel space
(X, %) and a measurable map f such that f maps X onto X".

It is a consequence of some deep theorems in the theory of Borel sets in metric
spaces that any two standard Borel spaces are isomorphic if (and only if) the
underlying spaces have the same cardinality; moreover the only uncountable
cardinal that can arise is that of the continuum. In particular every standard
Borel space whose underlying set is uncountable is isomorphic to the Borel space
associated with the unit interval.

By a measure y on a Borel space (X, #) we understand a non-negative countably
additive set function defined on & with u(X) = 1. p is called standard if there
exists an N € 4 such that (i) u(N) = 0, (ii) the Borel subspace defined by X — N is
standard. A Borel space is said to be metrically standard if every measure on it is
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standard. Any analytic Borel space is metrically standard. If ./ is the set of all
measures on a Borel space (X,%) and 4’ any subset of ., we denote by
&/ (M', B) the smallest g-algebralof subsets of £’ that makes all the maps pu— pu(A4)
(A € &) measurable. We call /(#',%) the customary Borel structure for ..
We shall usually write & for 2/(#’,%) whenever the context makes it clear
what ' and & are; often we omit even mentioning &/. If /¥, < 4, = . the
Borel space %, is the Borel subspace of .#; defined by ..

When X is a completely regular Hausdorff space, the space ¥ of all finite
countably additive set functions on the associated Borel space becomes a locally
convex Hausdorff topological vector space when it is equipped with its weak*-
topology, i.e., the smallest topology on ¥~ which makes the maps 7,: ¢ — [xgdo
continuous (¢ € ¥") for all bounded continuous g on X. Topological statements
concerning ¥~ or its subsets are always to be understood with reference to this
topology. When X is a separable metric space and .# is the set of all measures
on the associated Borel space, ./ is a separable metric space. If X is a complete
separable metric space . can be given a complete metrization. . is a compact
metric space if and only if X is so [20; 21; 22].

Finally we make a few remarks on countably generated Borel spaces. Such
Borel spaces need not be separable. However, if (X, %) is countably generated,
then each x € X lies in a unique atom A4, of &%, i.e., a non-null set in & such that
if Ae# and A < A, then either A =@ or A = A,. In this case, if X° is the set of
all atoms, = is the map x — A,, and #° is the class of all sets 4° <1X° such
that n~1(4%) € &, then (X°,%°) is a separable Borel space, called the canonical
separable Borel space associated with (X,%). If « is any automorphism of
(X, %) there is a unique automorphism a°® of (X°,%°) such that moa = o®or.
Moreover, the correspondence o — a° is a homomorphism, i.e., (a° B° =alp
and (0”1 =(@%)" .

LEMMA 2.1. Let (X,%#) be a separable Borel space. Then there exists a
standard Borel space (X',#') such that X< X' and B=%"NX, ie.,
B={A'"NX:A"e€R'}. In particular, there is a separable metric topology for X
under which % is the class of all Borel subsets of X.

Proof. This is just Theorem 2.1 of [17].

LEMMA 2.2. Let (X, %) and (Y,%¥) be analytic Borel spaces and let 1 be a

measurable map of X onto Y. If v is any measure on € there exists a measure p
on & such that v(A) = u(n~1(A)) for all Ae¥%.

Proof. Since X itself is the image under a measurable map of a standard space,
there is no loss of generality in assuming that X is standard. Suppose X is standard.
By a lemma of von Neumann [17, Theorem 6.3] there exists a set N € € and a set
E € % such that (i) v(N) = 0 (ii) = is one-to-one on E and z[E] = Y — N. Since
the Borel subspace defined by E is standard and # is one-to-one, it follows that
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7 is an isomorphism between E and Y — N. It now suffices to define the measure p
on Z by setting u(A4) = v(z[A N E]) for all A e A.

COROLLARY. Let (X,%) be an analytic Borel space and let #' = % be a
countably generated o-algebra. If u' is any measure on &', there exists at least
one measure i on % whose restriction to %' coincides with u'.

Proof. It is well known that there exists a real-valued function f on X such that
#' = {f " '(E):E a Borel set of the line}. Let Y =f[X]. Then Y is an analytic
subset of the line. Let (Y, %) be the Borel subspace of the line defined by Y and
for any C € € write v(C) = p'(f1(C)). The corollary follows from the lemma
at once.

Let now X be a separable metric space and & the class of Borel subsets of X.
The space . of all measures on % is a Borel space when equipped with what we
have called its customary Borel structure &7. On the other hand, . is a separable
metric space in its weak*-topology and hence we may consider the ¢-algebra o7’
of Borel sets of the separable metric space .

LEMMA 2.3. /=47,

Proof. We first show that.o/ < &7’ If Zis the class of all bounded measurable
functions g on X for which the maps 7, : u — [xgdu are all &/’-measurable, it
is clear that Zis closed under formation of linear combinations and under
bounded pointwise convergence. Moreover, for any bounded continuous g,
7, is continuous on . and hence &/’-measurable. .# thus contains all bounded
measurable functions, in particular the characteristic functions of sets in #. By
the definition of & we now infer that o =&7’.

To show that &/’ = &/ it is enough to show that any open set in .# belongs
to o/. Since any bounded measurable function is the uniform limit of a sequence
of linear combinations of characteristic functions, it follows that for each bounded
measurable g, the map pu — [ygdu is o/-measurable. Consequently, for any
&> 0 and bounded continuous functions g,, g,, -+, g on X, the set

O N(po: 81,7+ 8k3 ) = ‘ui max lf gidp -I &dpo| < 8}

15isk JXx X
lies in &Z. The totality of all such sets is a base for the topology of ., and since
A is a separable metric space, each open set in .4 is a countable union of sets of
the form (%), and is hence a member of 7. This jproves that &’ < &/ and com-
pletes the proof of the lemma.

THEOREM 2.1. Let (X,%) be a countably generated Borel space and M the
space of all measures on #. M is then a separable Borel space. If X is standard,
so is M if X is analytic, so is M.

Proof. Since the Borel structure of .# depends only on the s-algebra # and
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since the g-algebra #° is s-isomorphic to # we may and do replace (X, %) by the
associated separable Borel space (X ,4°). In other words we shall assume
that (X, %) is separable. There is then some separable metric topology for X under
which # becomes the class of Borel subsets of X. The space .# will then be a
separable metric space and hence by Lemma 2.3 (., .27) is a separable Borel space,
& being the customary Borel structure on /.

Suppose now (X, %) is standard. We may then assume that X is a complete
separable metric space and & the class of Borel subsets of X. .# will then be a
complete separable metric space in its weak*-topology and hence we infer from
Lemma 2.3 that ./ is a standard Borel space.

Suppose finally that X is analytic. Then there exists a standard Borel space
(X',#’) and a measurable map n: X' — X such that a[X'] = X. Let .#’ be the
space of all measures on #’ and for any u’ € A’ let u. e # be defined by setting
pu(A) = p'(n" ' (A)) for all Ae B. ' — p., is a measurable map of ' into A
and Lemma 2.2 implies that it is even onto .. Since X' is standard so is .#' while
 is separable since X is separable. We may then conclude that . is an analytic
Borel space.

3. Borel and topological G-spaces. Throughout this paper G will denote a
fixed locally compact group satisfying the second axiom of countability. We
shall regard G as a Borel space by equipping it with the Borel structure generated
by the open sets of G. A G-space will be a Borel space (X, %) together with a map
(g,x) > g(x) of G x X into X such that (i) x - g(x) is an automorphism of the
Borel space (X, %) for each g in G, (ii) for all xe X and g,,g2,€G, g,(g,(x)) =
= g,8,(x). A Borel G-space is a G-space in which the map (g,x)— g(x)
is a measurable map of G x X into X. We shall use the same symbol X to denote
both the G-space and the underlying space on which G acts. A G-space is called
standard (analytic, etc.) if the underlying Borel space is so. A G-space X is said
to be topological if (i) X is a completely regular Hausdorff space and the under-
lying Borel structure & is the smallest one which makes all continuous functions
on X measurable, (ii) the map (g, x) — g(x) is continuous from G x X into X.
A topological G-space is said to be compact (separable, metric, etc.) if the under-
lying topological space is so.

Let X be any G-space. For any set A< X and any g in G we write
g[A] = {g(x):x € A}. A set A4 is said to be invariant if g[A] = A for all g. If Z is
the underlying Borel structure of X we write & for the g-algebra of those sets in
2 which are invariant. By an invariant measure we mean a measure p for which
u(gl[A]) = u(A) for all g and A € B. We write # for the set of all invariant meas-
ures. # is a convex set. A measure e on & is said to be ergodic if it is an extreme
point of the convex set .#. We denote by & the set of all ergodic measures. We
write A" for the o-ideal of all sets 4 € # such that u(A4) = 0 for every invariant
measure u. We put &/ =.4#"N#. Given an invariant measure p and A€,
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A is called p-invariant if u(g[A]A A) = 0 for each ge G. A #-measurable func-
tion f on X is said to be p-invariant if f (g~ !(x)) = f(x) u-almost everywhere for
each g in G.

Two G-spaces X and X'’ are said to be isomorphic if there exists a map
f:X — X' such that (i) f is an isomorphism between the underlying Borel spaces
and (ii) f (g(x)) = g(f (x)) for all g and xe X. A G-space X is said to be a G-sub-
space of a G-space X'if X is aninvariant subspace of X’ and if the G-actions on X
and X’ coincide over X; X is then said to be the G-subspace defined by the in-
variant subset of X’ in question.

We shall write A for a fixed left invariant Haar measure on G. We denote by
! the Banach space of (equivalence classes of) A-summable Borel functions
on G,and for any ¢ £* we put | ¢ |, = [¢|d(g)|dA(g). Given ¢,y L" we
write ¢ * for the function of #! defined for almost all he G by (¢ *Y)(h) =
[e$@v (g Hdi(g).

If X is a Borel G-space, it follows easily from the measurability of the map
(g,x) — g(x) that for each bounded #-measurable function f on X, the function
x = [¢(g)f(g”'(x)dA(g) is bounded and Z-measurable for all pe L*; we
denote it by ¢ f. We write & for the Banach space of all bounded #-measurable
functions on X and for each fe & we put ||f| =sup,x|f(x)|. It is obvious
that | ¢f|| < | |- |f| forall ¢ in £’ and f in F and that f — ¢ xfis a bounded
linear operator in & for each ¢.

Unless otherwise stated X, 4, G,--- will have the same meaning throughout
the rest of the paper and X will be a Borel G-space.

LEMMA 3.1. Let X be a Borel G-space and X' = X an invariant subset.
Then the G-subspace defined by X' is a Borel G-space.

Proof. Trivial.

LeMMA 3.2. Let X be a topological G-space. Then X is necessarily a Borel
G-space.

Proof. We must show that (g,x)— g(x) is measurable from G x X to X.
Since the Borel structure & of X is the smallest one that makes all continuous
functions on X measurable it is enough to prove that for any continuous f on
X, (g,x) > f(g(x)) is measurable on G x X. Write u(g,x) =f(g(x)). It is clear
that for each x in X, g— u(g,x) is continuous in g while for each g in G,
x - u(g, x) is continuous and hence #-measurable on X. Since G is a separable
metric space it follows [14, p. 286] that u is measurable on G x X.

LeMMA 3.3. Let X be a Borel G-space and A€ B. Then there exists an
invariant set Ay € % such that /(A A A,) = 0 for every invariant measure u for
which A is p-invariant. More generally, if f is any %-measurable function there
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exists an invariant #-measurable function f, such that f =f, p-almost every-
where for any invariant measure pu for which f is p-invariant.

Proof. We shall first show how to deduce the second assertion from the first.
Given f we can find a sequence f, converging pointwise to f where each f, has the
form E,'C,,,-IIIAM where the c,; are constants and the sets 4,; are of the type
{x:a, <f(x) £ b,}. If we define f0 = X,c, /% , where AY;is an invariant set in Z
related to A4,; as in the lemma, and put fo(x) = limf; (x) for all x for which this
limit exists and fo(x) = O for all other x, then it is easily verified that f, has all the
required properties.

To prove the first assertion, let Ae# and let S={¢:¢ =0, L,
| é|:=1}. For each ¢peS we define Ay={x:(¢*¥ ) (x) =1} where Y, isthe
characteristic function of A. Let Ay =( )ses4s Each 4, is in # and it
follows from the inequality |¢*u|<|¢|;-[u| (u in &) that (Msesdy
= (aAy, where {¢,, ¢;, ---} is any dense sequence in S. Consequently
Ao € A. Forany he G and ¢ € S if we define ¢"(g) = ¢(hg) for all g, then it follows
from the identity (¢=*y,)(h(x))=(4"*y,)(x) that xe A, if and only if
h(x) € A, and hence we may conclude that 4, is invariant. We complete the proof
by showing that if p is an invariant measure and A is p-invariant, then
1A & Ao) = 0. It is enough to prove that for all n p(4, A1d)=0.If pis any
invariant measure such that u(g[4] A A)=0 for all g, we deduce that
Y4(g7'(x)) = Y 4(x) for each g and p-almost all x and Fubini’s theorem enables
us to conclude the existence of a set N € # such that u(N) = 0 and for each x in
X =N, Y (g '(x)) =y (x) for almost all g, so that (¢ * ) (x) = Y.(x) for
p-almost all x for each ¢ € S. This implies that u(4, A A) = 0 for all n and hence
that u(4 A A4,) =0.

REMARK. It isto be observed that the set 4, depends only on 4 and not on p.

THEOREM 3.1. Let X be a Borel G-space and % the c-algebra of invariant
sets in . Then & consists precisely of those invariant measures p having the
property that u(A) = 0 or 1 for each Ae 4.

Proof. Suppose ue £ and A€ Z such that u(A) =c where 0 <c<1. If we
define measures p, and u, by setting u,(B) = (1/ c)u(B N A) and p,(B) = (1/(1-¢)
X (B N (X — A)) for all Be A, then it is obvious that u,,u, € F, iy # Py, and p
u=c-u; + (1 —c) p, This shows that u¢é&. _

Conversely let pe# have the property that u(B)=0 or 1 for each BeZ.
We shall show that ped. Suppose in fact that u ¢ & Then we may write
p=cpuy+({1—c)p, where 0<c<1, py,p,ef and p, # u,. Clearly p, and
U, are absolutely continuous with respect to u. Let f1=dup,/du be the Radon-
Nikodym derivative of u; with respect to p. Since u, # u there exists an a>0
such that if 4 ={x:f;(x) <a}, then 0 < u(4) < 1. Since p, and p are both
invariant it follows easily that for each g, f(g' (x))=f,(x)for p-almost all x
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and hence that u(g[4] A 4) =0 for each g. By Lemma 3.3 there exists an in-
variant set A, € & such that u(A A A,) = 0. This implies that 0 < u(A4,) < 1 and

gives us a contradiction.

Our work up to now has been of a preparatory nature. We now begin to examine
the relation between topological and Borel G-spaces. The classical results of
Weil, Mackey and Ambrose-Kakutani [11; 17; 2] have made it clear that there is
an intimate interplay ibetween measure and topology in our context. We shall
make the connections much more explicit by our results in this section. In fact
we shall spend the remainder of this section in establishing that under mild
conditions of a general nature Borel G-spaces are isomorphic to topological
G-spaces.

For any nonempty set 2 < % we write Y(2) for the set of all
functions y on £ x @ such that (i) for each fe 2, ¢ — y(¢,f) is linear
in ¢, Qi) |y(@.f)| < | ¢ ]| f]| for all ¢ in £'and f in 2. Under the topology
of pointwise convergence Y(2) becomes a compact Hausdorff space. The class
of Baire subsets of Y(2) is easily seen to coincide with the smallest g-algebra of
subsets of Y(2) that makes all the maps y — y(¢,f) measurable. The inequality
[7(d.)| = ||| |f] implies in a straightforward fashion that if & is separable
then Y(2) is even a compact metric space.

LemMA 3.4. For each ye Y(2) and ge G define g[y](¢.f) = y(¢%f) for all
¢ in & 'and f in D where ¢p*(h) = ¢(gh) for all h. Then Y(2), together with
the map (g,7) - g[v], is a compact Hausdorff G-space.

Proof. It is routine verification that y — g[y] is a one-to-one map of Y(2)
onto itself and that g,g,[y] = g,[g.[y]] for all y, g, and g,. Moreover, if
y,y' € Y(2) and g, g’ € G, the inequality]

(6% =y @ N 2|95 ) =y (5N | + ] % — 6%~ |f]

shows that the map (g,y) - g[y] of G x Y(2) into Y(2) is continuous. This
proves that Y(9) is a compact Hausdorff G-space.

THEOREM 3.2. Let X be a standard (respectively analytic) Borel G-space.
Then there exists a compact metric G-space Y and an invariant Borel set (respec-
tively analytic set) X' = Y such that the G-space X is isomorphic to the G-sub-
space of Y defined by X'.

Proof. Let 4,,4,, -, be a sequence of sets generating & and let Y, .,V ,,
be their characteristic functions. Let 2 = {y4,,¥,,--} and form the G-space
Y(2) described in Lemma 3.4.tWe write Y = Y(92). Since 2 is countable, Y is a
compact metric G-space.

For each x e X write y,(¢,f) = (¢ *f)(x) for all:¢ in £* and f in 2. Clearly
x € Y and the map &: x — 7, is a measurable map of X into Y. If g € G the string of
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equations Y,(@.f) = (¢ *f)(g(x)) = (% 1) (x) = y(¢°.f) = g[7.](¢.f) shows
that £ exchanges the G-action on X into the G-action on Y. In particular it follows
that X’ = £[X] is an invariant subset of Y.

We now claim that & is an isomorphism of the G-space X with the G-subspace
defined by X'. It is enough to prove that £ is an isomorphism of the Borel space
X with the Borel subspace of Y defined by X’. Since £ is measurable and X is either
standard or analytic it is enough to show that £ is one-to-one; moreover, once it is
proved that £ is one-to-one, it will also follow that X’ is analytic or Borel if X is
analytic or standard [17, Theorems 3.2 and 4.2]. To prove that ¢ is one-to-one
let x, ye X and let y, = y,. From the characterization of linear functionals on
£ we infer that f(g~!(x)) =f(g~'(y)) for each f € 2 for almost all g. Since 2 is
only countable it follows that for some g, f(g5'(x)) =f(g5 () for allfe 2.
By choice of 2 this implies that g5 !(x) = g5 '(y) and hence that x = y.

COROLLARY. Let X be a separable Borel G-space and for each xe X let
G, = {g:g(x) = x}. Then each G, is a closed subgroup of G.

Proof. The proofs of the facts that £ is one-to-one and Y is a compact metric
G-space need only the assumption that X is separable. Since the map g — g[y] is
continuous for each y € Y, the subgroup {g: g[y] = y} is closed for each y and the
corollary follows at once.

ReEMARKs 1. Theorem 3.2 is a generalization of a result of Mackey [17]
according to which a subgroup of G is closed if (and only if) the quotient Borel
structure of the space of left cosets is separable.

REMARKS 2. It has been pointed out by the referee that Theorem 3.2 is closely
related to Lemma 2 of Mackey’s paper Point realizations of transformation
groups in the Illinois J. Math., Vol. 6, No. 2. Mackey is however concerned with
a different question; also the G-space in which X is imbedded will be different if
one follows his arguments. The writer would like to thank the referee for this and
for other suggestions.

If X is not analytic, Theorem 3.2 need not be true. In any case our method
fails. The mapping ¢ need not be an isomorphism. However, it is obvious that
if we replace the Borel structure on X by the smallest one with respect to which
all the functions x — (¢ *f) (x) are measurable, then £ is an isomorphism of this
new Borel space with the Borel subspace defined by X'.

We shall now examine the nonanalytic separable case. It will follow as a con-
sequence of our discussion that separable Borel G-spaces are, so to speak, essen-
tially isomorphic to separable metric G-spaces. The reader who is not interested
in this problem may skip the rest of this section and go to §4 where Theorem 3.2
is made the basis for obtaining the decomposition of a standard Borel G-space
into its ergodic parts.

LEMMA 3.5. Let u be an invariant measure and let f € #. Then there exists
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a sequence Wy, Y, in £y such that (i) y;20, |¢;[=1 for j=1,2,-,
() | ¢;*xa—aly >0 as j—> o for each o in £, (ii)) Y;* f >f as
Jj — oo u-almost everywhere.

Proof. Let U,,U,,--- be a sequence of compact neighbourhoods of the identity
in G shrinking to the identity and let ¢, = (1/A(U)Wy,. Then || ¢, *xa —« |, >0
as n— oo for each ae £* [15, p. 124]. Let © be a function on G such that
0<1t(g)<1 for all g and [gtdd < co. For any xe X write f,(g) =f(g(x)).
We may assume that ||f|| < 1.

For each x e X the function t-f, is in #" and hence | ¢, *t-f, — 7 f, [, >0
as n— 0. Moreover, |¢,*t f, — 7t fi]|s £2]| 7|, and it is easily seen that
x> ||, xt f, — 1-f, | is #-measurable. Consequently

[ ERZASTA RO

as n — oo. This means that there exists a subsequence n; < n, < --- such that

E [ b resfmvhalidnto < co.
J
Fatou’s lemma implies now that
Z " ¢n,*t'fx - T'fx"l < ©
J

for pu-almost all x. A second use of Fatou’s lemma now yields the fact that for
p-almost all x

E. |¢n,*1.fx_1:.fx| <®

for almost all g. In particular, for p-almost all x, |¢,, JXT f,,—t-f,‘| -0 as
j — oo for almost all g. By Fubini’s theorem it follows that for almost all g,
¢n,*7 f— 7f, for p-almost all x. Since | $,, *7—1[; =0 as j— oo also we
conclude that for some g, € G and a further subsequence m; < m, < ---

L b (8)T(g™ 80)f (&7 ' 2o(¥))dA(g) - T(20)f (8o(X)),
[ dmtertee0dite) > <(a0

hold for p-almost all x. Since u is invariant the first relation leads to

fc b ()72~ 20)f (&~ X)dA() = 2(g0)f (x)

for u-almost all x. Write now

Bi(8) = (dm (8)v(g™ " 20))/ T(g0)

w=(1zm) &

and
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Clearly ¥; 20, | ;|| =1 and y;*f —f p-almost everywhere. Since ; vanishes
outside U, it follows from a well-known fact [15, p. 124] that | ¢;*a—ca|; >0
as j — oo for all « in £, The lemma is proved.

For any subset 2 of Z we write #(2) for the smallest o-algebra of subsets of X
which makes the functions x — (¢ *f) (x) measurable for all ¢ in £ 'and f in 9.
For any g in G, (¢ *f)(g(x)) =(¢°+f)(x), which shows that x — g(x) is an auto-
morphism of the Borel space (X, #(2)). This Borel space, which we denote by
X(2), is thus the underlying space of a G-space. We shall denote this G-space
also by X(92).

LemMA 3.6. X(2) is a Borel G-space for any 2 < F. If D is separable
under the norm of & and separates the points of X, then X(2) is isomorphic to
the G-subspace of a compact metric G-space.

Proof. To prove that X(2) is a Borel G-space we must show that the map
(g, x) - g(x) is a measurable map of G x X(2) into X(2). This will be shown if
we show that the map (g,x)— (¢ *f)(g(x)) = (¢%+f)(x) is measurable on
G x X(2). Now for each x in X, the function g — (¢ ¥+f)(x) is continuous on the
separable metric space G while the function x — (¢**f)(x) is %(2)-measurable
for each fixed g in G. By a well-known theorem [14, p. 286] it follows that
(g, %) = (¢ *f) (g(x)) is measurable on G x X(2).

When 2 is separable and separates the points of X, the argument given in the
proof of Theorem 3.2 shows that ¢ is an imbedding of X(2) as a G-subspace
of Y(2,) where 2, is a denumerable dense subset of 2. The lemma is proved.

LeMMA 3.7. Suppose that &, is the smallest g-algebra of subsets of X with
respect to which all functions of 2 are measurable. If u is any invariant measure
then B, < #(2D), where #(2D), denotes the u-completion of the g-algebra %(2).

Proof. It is enough to prove that each fe 2 is .?:7(.@)“-measurable. Now by
Lemma 3.3 there is a sequence ¥,,¥,,--- in% ! such that y;xf—f p-almost
eAverywhere. Since each y;*f is %(P)-measurable it follows at once that f is
#(2),-measurable.

THEOREM 3.3. Suppose X is a Borel G-space and p an invariant measure
on X. Suppose further that there is a countably generated c-algebra B' such
that B* separates the points of X and % is contained in the u-completion of 3.
Then there exists a separable metric topology over X with the class %' of Borel
sets such that (i) X, equipped with this topology, is a topological G-space,
(i) B' = B < B, where B, is the u-completion of &'.

Proof. Let 4,,A,,---be a sequence of sets separating points of X and gene-
rating #'. Let 2 be the set { 4,, ¥ 4,,-}. The imbedding procedure outlined
in Theorem 3.2 can be used in an analogous fashion to prove that the Borel
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G-space X (equipped with .9?(9)) is isomorphic to a subspace of a compact metric
G-space. In other words, if we write ' = #(2), there is a separable metric topol-
ogy for X under which %’ becomes the class of Borel subsets of X, and
equipped with which X becomes a topological G-space. Lemma 3.5 now implies
that ' < # < %4, and completes the proof.

REeMARK. Theorem 3.3 is a generalization of a theorem of Ambrose and Kaku-
tani [2]. It may be observed that we have proved a slightly sharper result than
described in the statement of the theorem. Indeed the separable metric G-space
X is even isomorphic to a G-subspace of a compact metric G-space.

As a final result we shall obtain conditions under which a Borel G-space is
isomorphic to a G-subspace of a compact Hausdorff-space. We write 4 for the
smallest o-algebra of subsets of X that makes all the maps x — (¢ xf)(x)
measurable (¢ in £, f in F). B = ﬁ( &) in the notation of Lemma 3.4. We
shall say that X is separated if given x,y€ X and x # y, there is an 4 €% such
that xe 4 and ye X — A.

LemMa 3.8. If X is a compact Hausdorff G-space, then B=2B.

Proof. Let C be the closed linear subspace of & consisting of all continuous
functions on X and for any fe C and gin G write (W,f)(x) =f(g~ !(x)). For any f
in C and ¢ in " the function x — (¢ *f)(x) is continuous. Let D denote the set
of all such functions as ¢ varies over %" and f over C.

We claim that D separates the points of X. Suppose in fact that x,ye X and
x # y. Then there is an f, € C for which fo(x) # fo(»). Let L be the closed linear
subspace spanned by all the W,f, as g varies in G. Since X is compact and G
acts continuously on X, L is separable. Suppose now that D does not separate
x and y. Then for each ue L, (¢ *u)(x) = (¢ *u)(y) for all ¢ in £* and hence
u(g™1(x)) = u(g~'(y)) for almost all g. Since L is separable there will be some
go such that u(gy '(x)) = u(go '(y)) for all ueL. If we now define u(x’)
=fo(go(x")) for all x’eX then ueL and we can infer that fo(x) =fo(y), a
contradiction. D thus separates the points of X.

By the Stone-Weierstrass theorem the algebra generated by D is dense in C
and since each element of D is Z-measurable we reach the conclusion that every
fin Cis Q?-measurable. This proves that # coincides with the class of Baire sets
of X,ie, =2

THEOREM 3.4. A set of necessary and sufficient conditions that a Borel G-
space X be isomorphic to a G-subspace of a compact Hausdorff G-space is that
X be separated and # = 4.

Proof. Let Y = Y (%) be the compact Hausdorff G-space described in Lemma
3.2 and for each x in X let y.(¢,f) = (¢ *f)(x). Then y, e Y and &(x—v,) is a
measurable map of X into Y with y,,, = g[7.] for all g and x. Write X' = {[X].
X' is an invariant subset of Y.
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Suppose now that X is separated and # = B. The fact that X is separated
implies that # separates points of X. Since % = & it follows that & separates
points of X. This implies that the family of functions x — y,(@,f) separates
points of X and hence that ¢ is one-to-one. Consequently, £ is an isomorphism
of the Borel space (X ,3?) with the Borel subspace of Y defined by X'. Since
# = A it follows that ¢ is an isomorphism of X and X'.

We now prove the converse. Suppose that Y is a compact Hausdorff G-space
and X an invariant subset of Y. The Borel subspace defined by X is clearly separa-
ted. We now show that 4 = . Let Zy denote the class of Baire subsets of Y and
%y the smallest g-algebra of subsets of Y that makes all the maps y — (¢ 1 )(»)
measurable (¢ in £ and f’ bounded .%’y-measurable) By Lemma 3.8 By = By.
Since # = #y N X it is thus enough to prove that B = .93,, N X. This, however,
follows from the fact that given any bounded %-measurable f there exists a
bounded #y-measurable f* such that f and ¢ =f are the restrictions to X of f' and
and ¢ xf ' respectively.

The theorem is proved.

COROLLARY. If G is countable and X is a separated G-space, X is isomorphic
to a G-subspace of a compact Hausdorff G-space.

Proof. If 6 is the function equal to 1 at the identity of G and O elsewhere, it is
clear that 0xf = f for all fin &. This implies that # = % and proves the corollary.

4. Decomposition into ergodic parts. Our aim in this section is to prove that
any standard Borel G-space can be decomposed in a ‘‘measurable fashion”
into disjoint invariant Borel sets on each of which the group acts uniquely er-
godically.

Suppose X is a Borel G-space and & the space of ergodic measures. Equipped
with what we have called the customary Borel structure(®) (in §2), & is a Borel
space and it makes sense to talk of measurable mappings into &. Suppose & is
nonempty. A map B (x — f,) of X into & is said to be a decomposition map of
the G-space X if it satisfies the following conditions: (i) B is a measurable map
of X into &, (ii) f is invariant, i.e., B, = B, for all g in G and x in X, (iii) If
X,={x:B,=e}forein &, then X, e %, e(X,) = 1 for all e, and for any invariant
measure K,

D) §(4) = fxﬁx(AnX,,gdu(x)

for all Ae &.

Some remarks are in order concerning the above definition. In the first place,
since f,(X; ) = 1for all x, the integrand in (D) is just §,(A). Since B is a measurable
map of X into & it follows that x — B,(4) is measurable for each A4 in #. Moreover

(2) We shall use the symbol o7 for this particular Borel structure.
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0= B (A)=<1forall xin X and A4 in & so that the integrals in (D) make sense.
Secondly it may be noted that each X, is an invariant set and will automatically
belong to # as soon as each single element set in & belongs to its Borel structure.
Our final remark can be described in the following lemma.

LemMA 4.1. Let B be a decomposition map of the Borel G-space, let & # @,
and let E be a subset of & belonging to the Borel structure of &(*). If A = ~(E)
then B.(A) =0 or 1 according as x ¢ A or x € A.

Proof. The proof follows from the fact that §,(X; ) =1 for all x.

Given two decomposition maps f,’ of a Borel G-space X we shall say that
B and B’ are essentially equal if there exist a set Ne" and B, = . for all
x€ X — N. Notice that if § is a decomposition map of X and N € .#"then 8 maps
X — N onto &; indeed since e(X — N) =e(X,)=1foranyein &, X,NX — N is
clearly non-null. We also introduce the notion of unique ergodicity. We shall
say that a Borel G-space X is uniquely ergodic if there exists a measure u on X
such that #= & = {u}. Applying formula (D) to subsets of X, we easily see that
the G-subspace defined by each X, is uniquely ergodic with e as the unique in-
variant measure.

The main theorem of this section asserts that every standard Borel G-space
admits an essentially unique decomposition map. We now proceed to develop the
auxiliary propositions needed to establish this result.

LEMMA 4.2. Let & # @ and let B be a decomposition map of X. If A is any
invariant set % there exists a set E S & such that Ee s/ and AA B~ Y(E)e A:
More precisely, if E = {e:e€ &, e(A) = 1}, then (4 & B~*(E)) =0 for all pe .

Proof. Write B =~ '(E). We must show that A A B= (4 — B)U(B — A) is
in A, Since we may argue with X — A, X — B and & — E instead of 4, B and E
it is enough to show that B — A is in 4", Suppose p is an invariant measure. By
the definition of B, (B — 4) < f(X — A) =0 for x in B while by Lemma 4.1,
B(B— A) < B(B)=0for x outside B. Consequently u(B—A)= [xB.(B—A)du(x)=0.
The lemma is proved.

Let f be a decomposition map and for each fe & define f* by setting
f*(x) = [xf(»)aB(y) for all xin X. Let U be the mapping f — f *.

LeMMA 4.3. U has the following properties: (i) Uf is ZB-measurable for each
fin & and Uf =f if f is a constant, (ii) | Uf|| £ ||f | for all f in &, (iii) for each
invariant measure p and each invariant A in &, we have [, fdu= [,(Uf)dp.

Proof. Clearly U is linear and | Uf|| < ||f| for all f in &#. Moreover, for any
set A in &, Uy, is Z-measurable. It follows then easily that Uf is Z-measurable
for each f in #. It therefore remains to prove (iii). Suppose A = ~*(E) where
E c &and E e/ For any set Bin # we have
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[ v - [ B®rauco

- L B(B O A)du(x)

since for xe 4, B (4) =1 while for x ¢ A, B.(4A) =0; and this last integral is
simply u(BNA)= [ ypdp. In other words (iii) is true whenever f =y, and
hence for any f in &. Using Lemma 4.2 we now infer (iii) for all fin & and A4
in 4.

Lemma 4.3 points up to a key property of decomposition maps. The property
(iii) implies that for any f in & and any invariant u, Uf is the so-called conditional
expectation of f given the g-algebra A, denoted by E(f |.§) [9; 16]. Notice that
given f and u, (iii) determines Uf u-almost everywhere. We can now prove the
essential uniqueness of the decomposition maps.

LemMmA 4.4. If Band B’ are two decomposition maps of a separable Borel
G-space then B and B’ are essentially equal.

Proof. Let U and U’ be the mappings associated with f and p’ respectively,
having the properties described in Lemma 4.3. Since (Uy ,)(x) = B,(A4) and
(U'Y »(x) = Bi(A) and since conditional expectations are essentially uniquely
determined, it follows that if we set N, = {x:B,(4) # Bi(A4)}, then N, e % and
u(N o) = 0 for each invariant measure u. Let {4,,4,,---} be a sequence of sets
forming a Boolean algebra generating 4. If we define N = U,,N 4, then uy(N)=0
for each pin # and B, = B, for xin X — N.

Our problem now is the construction of decomposition maps and the first step
in our solution is the construction of a map U having the properties described in
Lemma 4.3. To motivate our approach to the construction of U let us consider
the special case of a G-space where G is the group of all integers {0,+ 1, 2, .-},
i.e., when we have the group of iterates of a single automorphism 7 of (X, %).
In this case if we define, for any bounded #-measurable f,

lim 1/n (f(x) 4+ f(2(x)) + -+ + f(z"~(x))) if this limit exists,

(UN () =

0 otherwise,

then the individual ergodic theorem of Birkhoff leads us to the conclusion that the
mapping f— Uf has all the properties described in Lemma 4.3(). Part of the
difficulty of the problem in the general case of an arbitrary G is the absence of
ergodic theorems of the Birkhoff type.

(3) Note that the U defined here is not linear while that in Lemma 4.3 is linear.
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The next proposition asserts the existence of such mappings in the general
case.

THEOREM 4.1. Let X be any Borel G-space. Then there exists a mapping U
of F into F with the following properties: (i) Uf is B-measurable for each f
in F and Uf =f whenever f is constant, (ii) | Uf|| < ||f| for all £, (iii) for each
invariant measure pand A in B, [fdp= [,(Uf)dp.

Moreover, if U and U’ are two such mappings, then for any f, Uf = U'f u-
almost everywhere for each invariant measure p, i.e., {x:(Uf)(x) # (U'f)(x)} eN:

Proof. Let G, = {gy,8,,---} be a countable dense subgroup of G. Write G,
for the subgroup generated by {g1,"--»&}> and Z, for the subgroup generated
by g;. Clearly G, = G, < U,, 1 Gy = Gy and Gy, is the subgroup generated
by G, and Z; ;. Obv1ously Z, = G,. For any subgroup H < G, we write &, for
the class of all sets 4 in & which are invariant under the action of the elements
of H. Clearly #;, 2 %;, 2 -, &g, ,, = Bs, N®,,,, and Ne=1%6, = Be,.
Finally, for any subgroup H = Go we write %y for the class of all mappings Uy
of % into £ such that (i) for each f in &, Uyf is #y-measurable and Upf =f
when f is a constant, (ii) | Uaf|| £ ||f|| for all £, (iii) for any invariant measure p
and any 4 in By, [,fdu= [,(Ugf)dp.

We shall first prove by induction that the classes %g,, %g,, -+ are all nonempty.
Our motivating remarks already imply that %y is nonempty whenever H has a
single generator. Suppose %, is nonempty for 1 <1 < k — 1. Choose an arbitrary
mapping U, _, from %, _, and a mapping V from #,,. We now define mappings
Wy, W, -+~ in succession by setting Wy = U, _y, W, = VU, _y, W3 = U, VU, _ 15"
and so on. Write, for any f in &, N;={x:lim,,,(W,f)(x) exists} and N T’

= ngeakg[Nf]. Put

lim (W,f)(x) ifxeN,,
UHx) = ™%

0 otherwise.

U, is a well-defined map of & into itself and || U,f| < || f]|. It is also easily shown
that U,f is .%’Gk-measurable for each fin &# and U, f =f if f is a constant. Suppose
now u is any invariant measure and f any function in #. Since Vu = E (u Iﬁzk)
and Uy, u = E,(u| B, _,) for all u in Z it follows from a result of Burkholder-
Chow [6] that lim,_ ., (W,f)(x) exists for u-almost all x. This means that
WX — N;) =0 and hence u(X — N,)=0. If now u is any element in & and
Ae%;, it follows that [, udu= [,Vudp= [4(U,- u)dp. Consequently
we have [ fdu= [ (W )du= [4(W,f)dp="---. We may now conclude
that [,fdu= [4(U.f)du. This proves that U,e%g, and hence that %g, is
nonempty. By induction we infer that all the %, are nonempty for I = 1,2, ...
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We now show that Ug, is also nonempty. Let U, be an arbitrary element of
U, for k=1,2,---. For f in & define M, = {x:lim_,,(U,f)(x) exists} and
Mf = ngeGog[Mf]‘ Put

lim (U f)(x) ifxeM,,
k-

WUof)(x) =

0 otherwise.

U, is a mapping of & into # and | Uof|| £ ||f| for all f. Moreover, it is easily
seen that U,f is #;, -measurable for all f and U, f = f if f is a constant. Suppose
now u is any invariant measure. Since U,f=E/(f I.Q_?—Gk) and since
3?61 2 .@Gz > ... it follows from the so-called martingale-reversed-sequence
convergence theorem that lim, ., (U.f)(x) exists for p-almost all x [9; 16]
ie., p(X — M,) =0 and hence u(X — M,) = 0. If now 4 € %, then A is in all,
the %;, and hence [,fdu= [,(Ucf)du for all k. This implies that
Jafdp = [4(Uof)dp and shows that U, is in the class %g,.

For any f in &, U,f is invariant under the action of all the elements of G,.
We now claim that U, fis p-invariant for each invariant measure p. In fact, if for
gin G and u in £*(u) we write (L,u)(x) = u(g ™~ 'x), then g — L, is a continuous(*)
unitary representation of G in £?*(u); in particular, if h,— h then
Jx|Lyu— Lyu |*dp—0. Since L, (Uof)=U,f forallr=1,2,- and since G,
is dense in G, it follows that for each gin G, L,(U,f) = U, f u-almost everywhere.

By Lemma 3.3 we can find, corresponding to each f in &, an invariant %-
measurable function f* such that U,f=f* p-almost everywhere for each in-
variant measure u. By changing f* on invariant sets in .#"we can even ensure
that | f*|| < || || for all f and that f* = f whenever f is a constant.

If we now define Uf =f* for each f then U has all the properties demanded
in Theorem 4.1.

The essential uniqueness of conditional expectations implies that if U’ is
another such mapping, then for each f in & and u in 4, Uf = U’f u-almost
everywhere.

This proves the theorem.

ReEMARK. If fisin & and we define (L,f)(x) = f (g~ *(x)) then U(L,f) = Uf p-
almost everywhere for each p in #. In fact, since p is invariant, [,U(L,f)du
= [(Lyf)dp= [4fdu= [4(Uf)dp for any invariant A in % so that the first
and the last equations imply that U(L,f) = Uf p-almost everywhere. We thus
have {x:(UL,f)(x) # (Uf)(x)}e A

We need two technical lemmas before proving the decomposition theorem.
Let Z be a normal Hausdorff space and & the associated Borel structure. Let I" be

(4) The continuity follows from the measurability of g — fxv-L, u-du for each u and »

in L2u); cf. [15].
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a nonempty convex set of measures on % which is compact in its weak*-topology
and let I'’ be the set of extreme points of I'. I"” is nonempty by the Krein-Mil’'man
theorem.

LemMA 4.5. For any Ae %, u(A)=0 for all yp in T implies that u(A)=0
forall pinT.

Proof. It is known [22] that for any measure v on %, v(4) = sup {v(C):C < A4,
C a closed G;}. We may therefore assume that A itself is a closed G;. Write
c=sup{u(A):peT}and I’y = {u:pel, u(4) =c}.

We claim that I'; is a compact, convex nonempty subset of I'. In fact let {u,}
beanetinI'suchthat u,(A4) — c. Since I' is compact we may assume that pu, = v
forsomev in I, = denoting weak*-convergence. Now w(4) = lim,sup p,(4)
since A is a closed G; [22] so that v(4) = ¢, showing that v is in I';. A similar
argument leads to the conclusion that I'; is closed, hence compact. The con-
vexity of ', is obvious.

Let u’ be an extreme point of I'y. Such a p’ exists by the Krein-Mil’'man theorem.
We assert that u’ eI'’. Suppose that p’ = av, + (1 — a)-v, where 0 <a <1 and
vi,v, €I, Since p'(A) = c, either v;(A4) = v,(4) = c or at least one of v,(4) and
v,(A) is > c. The second alternative being impossible, we must have v;,v, €I
and hence p’ = v; = v,. We thus infer that u’ is an extreme point of I'.

Since p(A4) £ ¢ = p'(A) for all pin I it is clear that u(4) =0 for all 4 in I,
The lemma is proved.

LeEMMA 4.6. Let X be a Borel G-space and X' the G-subspace defined by an
invariant set in %. Suppose &' is nonempty. Then & is nonempty. If there exists
a decomposition map for X then there exists one for X' also.

Proof. If &' is nonempty and e’ is an ergodic measure on X', the measure e
on % defined by e(4) = ¢'(4 N X') for all 4 in & is clearly ergodic so that & is
nonempty. Suppose B is a decomposition map of X. Let E'= {e:ee& and
e(X’)=1} and let X, ={x:xeX’, B,€E’}. By Lemma 4.2, X' — X e/
If we now define B, as the restriction of f, to X; whenever x isin X and as e
whenever x is in X’ — X, eg being a fixed element of &”, it is easily checked that
B’ is a decomposition map of X".

THEOREM 4.2. Let X be a standard Borel G-space and let S # @. Then
& # @ and there exists an essentially unique decomposition map of X. Moreover,
& is a standard Borel space.

Proof. By Theorem 3.2 X can be regarded as the G-subspace defined by an
invariant Borel set of a compact metric G-space Y. Let £y and &Yy respectively
be the spaces of invariant and ergodic measures on Y.

G acts continuously on Y and hence £y is a compact convex subset of the
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topological vector space of real-valued countably additive set functions on the
Borel sets of Y. To prove that & # @ it is enough to exhibit e € &y with e(X) = 1.
Since £ # @ there are measures ve Sy with v(X) > 0 and hence by Lemma 4.5
there are measures e €&y with e(X) > 0. Since e is ergodic and X is invariant,
eX)=1.

We notice also that & isisomorphic in a natural manner to the Borel subspace
of &y defined by the set E = {e:e€ &y, e(X) =1}. Now the set of all measures
on Y is a compact metric space so that #y is a metrizable compact convex set.
By a well-known result [ 7] we conclude that &y is a G; in #y. From this we deduce
that E is a Borel set in .y and hence that & is a standard Borel space.

It now remains to establish the existence of a decomposition map for X. In
view of Lemma 4.6 we may assume that X = Y. In other words we shall assume,
for the rest of the proof, that X is itself a compact metric G-space. Let G, be a
fixed countable dense subgroup of G. Let C be the space of continuous functions
on X and M a fixed denumerable dense subset of C containing constants and
such that (i) if f;,f, €M and ay,a, are rationals, a,f; + a,f, €M, (ii) if fe M
and ge G, then L,fe M where (L f)(x) =f(g"!(x)) for all x. Recall that 4
s the class of all invariant sets 4 in # such that p(4) =0 for all u in ~,

Let U(f—f*) be a mapping of & into & having the properties described in
Theorem 4.1. Since for each pin 4, Uf = E (f | %) p-almost everywhere, it follows
that for f,,f, in M and rationals a,, a,,

{x:(ayfy + a2 f2)*(x) # a f{(x) + arf3(x)} e N
Consequently there exists a set Ny € A4~ such that

(U(ayfy + a2f2))(x) = a;(Uf ) (x) + a,(Uf,) (x)

for all x in X — Ny, f;,f, in M, and rationals a,,a,. Since G, is countable we
infer, from the remark following Theorem 4.1, the existence of a set N; 2 N, such
that N, € A and (UL,f)(x) = (Uf)(x) for all x in X — Ny, g in G, and f in M.
Since | Uf|| = ||f|| and U1 = 1 we conclude that for each x in X — N, the map
f—=(Uf)(x) is the restriction to M of a unique bounded linear functional ¢, on
C with t,(1)=1 and |t | 1. X being a compact metric G-space, the map
(&f) — Lgf is continuous from G x C to C and since t,(L,f) = t,(f) for all fin M
and g in G, we may conclude that ¢,(L,f) =t,(f) for all gin G and fin C. By a
similar argument we conclude that t,,,(f) = t,(f) for allg in G and f in C.
Write now, for fin C,

t(f) ifxeX—N,
VNx)=

0 if xe N;.
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For any fin M and p in # we have [,fdu= [,Ufdu= [,Vfduforall AeB.
Since f — (Vf)(x) is continuous in f for each x it follows that [,fdu= [,Vfdu
for all f in C and A€ 4, so that Vf = E,(f| %). Consequently, if f = 0 then (Vf
being an invariant function in any case) {x:(Vf)(x) < 0} e 4", so that a routine
separability argument yields the existence of a set N, 2 N, such that N, e.# and
(Vf)(x) = 0 whenever x is in X — N, and f in C with f = 0. In other words, for
each xe X — N,,f —t,(f) is a non-negative linear functional on C with #,(1) = 1.

It now follows from the Riesz theorem that for each x in X — N, there exists a
measure f, on X such that t,(f) = [xfdp, for allfin C. Since t,(L,f) = t(f) and
teo(f) = t.(f), we deduce that each B, is in # and B, ) = B, for all x in X — N,
and gin G.

For each f in M, t(f) = (Uf)(x) so that the function x - [xf(¥)dB.(y) is
measurable for all f in M. Since & is the smallest class of bounded functions
containing M and closed under bounded pointwise convergence, it follows that
x— [xf(»)dp.(y) is measurable for each f in &. In particular, the functions
x — B,(A) are measurable for each A4 in #. This shows that x—f, is a measur-
able map of X — N, into . ,

Since [xfdu= [x(Uf)dpu for each pin .# we have the equation

[rau=] ([ r028.09) o

valid for all f in M. By an easy argument we conclude that it is valid for all fin #.
In particular, for any pin # and 4 in %,

* ud = [ paraneo.

Suppose now e is an ergodic measure. Since e is two-valued over %’
E(f|%) = [xfde e-almost everywhere for each f and hence t(f).= [xfde for
e-almost all x. Since M is countable there exists a set B 2 N, such that e(B) =0
and t,(f) = [xfdeforall xin X — B and f in M. Since M is dense in C this means
that B, =e for all x in X — B. If we write X, ={x:xeX — N,,, = e} then
X,2 X — Bso that e(X,) = 1.

Write now N = {x:xe X — N,, ,€.# — &}. Since & is a Borel set in 4, N is
in # and is actually invariant. Since X, "N = @ for each e in &, it follows from
the result established in the preceding paragraph that e(N) = 0 for all e. Lemma 4.5
now allows us to infer that N e A4".

If we now define B, = e, for some fixed e, in & for all xin N, it is clear (cf. (*))
that B(x— B,) is a decomposition map of X. Since essential uniqueness has
already been established in Lemmia 4.4, the proof of the theorem is complete.

The decomposition theorem leads at once to the following result.

THEOREM 4.3. Any standard Borel G-space is isomorphic to a Borel G-space
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Y having the following properties: (i) the underlying Borel space is the Borel
subspace of the Euclidean plane defined by a Borel set Y < the unit square
such that D = {u:(u,v)€ Y for some v} is a Borel subset of the unit interval,
(ii) for each u in D, the vertical section Y, determined by u is invariant under G
and the G-subspace defined by Y, is uniquely ergodic with unique invariant
measure e,, (iii) an invariant measure y on Y is ergodic if and only if u(Y,) =1
for some u and p = e, over the class of Borel subsets of Y,.

Proof. Let B be a decomposition map of X. Since X and & are both standard
there are isomorphisms ¢ and n of X and & respectively onto Borel subsets E and D
of the unit interval. Let & be the map x — ({(x), #(B,)). £ is a measurable map X
onto a subset Y of the unit square. Since X is standard and & is one-to-one, Y is
a Borel set and ¢ is an isomorphism between X and Y. For any ue D define ¢, as
the measure induced by n~*(u) € & via the map {, i.e., e,(4) =n""(u)({"(4))
for all Borel subsets 4 of Y,. Finally define g(y) = ¢g&~'(y) for all g and y.
Verification of the properties of Y, D, Y, and e, is omitted.

REMARK. A theorem similar to the above can be proved for analytic Borel
G-spaces. We do not prove it however since the extra technical work involved in
handling the analytic nonstandard case seems hardly worth the trouble. In §6
we shall give examples to illustrate the fact that Theorem 4.2 may fail to be true
if the Borel structure of X is not well behaved enough.

The decomposition of a standard Borel G-space into uniquely ergodic components
has several consequences one of which is the fact that every invariant measure
can be represented as an integral of ergodic measures. If the G-space is a compact
metric one then the representation is an immediate consequence of well-known
results of Choquet-Bishop-De Leeuw [3; 7]. However, as we shall see presently
the powerful decomposition theory developed here is also able to take care of this
situation. It is necessary to point out that the representation of invariant measures
as integrals of ergodic measures is in general only dependent on the properties
of the set of all invariant measures and not so much on the action of the group.
In §6 we shall sketch an example of A. N. Kolmogorov which shows that there
are many situations in which integral representations of invariant measures
can be established but in which the decomposition theorem may fail to be valid.

We also point out that Lemma 4.5 is an immediate consequence of the Choquet-
Bishop-De Leeuw theorems. We have given the present proof of this lemma in
view of its simplicity.

We now obtain the representation of invariant measures on standard Borel G-
spaces. In §5 (Theorems 5.3 and 5.4) we shall obtain more general results which
place Theorem 4.4 in its proper setting.

THEOREM 4.4. Let X be a standard Borel G-space. Then & is a standard
Borel space and there is a one-to-one correspondence u— o, between the set of all
invariant measures on X and the set of all measures on & such that
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W)= | etyda, e

for each invariant measure p on X and all A in 3.

Proof. We may assume .# to be nonempty. Then & # @ and by Theorem 4.2
&€ is a standard space. Let B be a decomposition map of X and for any invariant
measure x4 on X, define o,(E) = u(f~!(E)) for all Ee #. 6, is a measure on &
and for any 4 in 4,

w(A) = f B(A)du(x)

=f e(A)da,(e).
e

Finally, if ¢’ is any measure on & such that u(4) = [,e(A)ds’(e) for all A in &,
we have, for any E in o/, p(B~'(E)) = [se(B™'(E))do'(e) = [rdo’'(e) = ¢'(E)
so that o = ¢’. This proves the theorem.

5. The set of invariant measures in the general case. In this section we shall
prove a few relatively simple theorems on the set of invariant measures in the
case of a general Borel G-space. All the three theorems are based on Theorem 4.1
which is the substitute, in our general context, for the Birkhoff ergodic theorem.

Suppose u is any invariant measure. If we observe the equation u(g[A4]) = u(A4)
expressing the invariance of p, it is intuitively clear that u can have more or less
arbitrary values on the class of invariant sets. The first theorem of this section
makes this idea more precise and shows moreover that an invariant measure
is already determined as soon as it is given on the class of invariant sets.

THEOREM 5.1. Let X be a Borel G-space with underlying Borel structure %.
Let & be the class of invariant sets in &. Then if two invariant measures are
equal over % they are equal over B. Moreover, if v is any measure over & such
that v(N) =0 for all N e, there exists an invariant measure (necessarily
unique) u on & such that u(A) = v(A) for all Ac %.

Proof. Let U be a mapping of & into & having the properties described in
Theorem 4.1. We shall prove first the uniqueness.

Suppose p; and u, are two invariant measures which coincide on 2. Then for
any bounded #-measurable function u, [yudp, = [yudp,.1f A in & is arbitrary,
the function Uy , is #-measurable and hence we have

11(4) = fx Uy dpy = fx(UwA)duﬁuz(A).

We now prove that if v is any measure on % such that v(N) = 0 for all N e./z R
there exists an invariant measure p on % such that u(4) = v(A) for all 4 in &.
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Suppose v is given. For any invariant measure ' and any f in &, Uf = E,(f | B),
and hence from the basic properties of E,.(-|%) [9; 16] we conclude that the
following relations hold u’-almost everywhere:

U(fi +f) = Uf, + Uf,

ULf = Uf
) ULNO if £\ O
uf = f;

here f,f1.f, -+ are in F, (L,f)(x) = f(g " '(x)) and f is Z-measurable. For fixed
f.f1, -+ the sets of points of X where the relations in (*) do not hold are indepen-
dent of u’ so that these sets lie in 4", Moreover the functions involved in the above
equations are all Z-measurable so that these sets are also in %. Consequently the

sets in question belong to .4 and hence are of v-measure zero. If we now define
for all Ain &,

u(4) = f U Ddv,

then, the fact that the relations (*) hold v-almost everywhere leads to the conclusion
that p is an invariant measure which coincides with v on &. This proves the
theorem.

REMARK. The part of the above theorem asserting that an invariant measure
is determined by its values on Z was pointed out by J. Blum and D. L. Hanson [5]
in the special case when G is the discrete additive group of all integers.

The class A is a o-ideal in Z. We may thus form the quotient o-algebra
R =%/ A . Clearly there is a natural one-to-one correspondence between the
measures on R and the measures on # which vanish over 4. Given two o-
algebras R, and R, and two convex sets of measures I'; and I', over R, and R,
respectively, we shall say that I'; and T, are isomorphic if there exists a one-to-
one correspondence 7:u — 7, between I'y and I, such that if p,— 17, =v, for
n=1,2,--- and py=c; u; + ¢, u, + -+ where c,,c,,--- are constants =0
with ¢; + ¢, + --- =1 and po ey, then 7, = v, where vo =cy vy + 3" va + -+

We then have the following easy consequence of Theorem 5.1, which is a
generalization of Theorem 4.4 to the case of a general Borel G-space.

THEOREM 5.2. Let X be a Borel G-space and S the set of all invariant measures.
Then there exists a 6-algebra R such that . is isomorphic to the set of all mea-
sures on R.

We end this section with a theorem which gives, in the general case, a necessary
and sufficient condition that every invariant measure can be represented as an
integral of ergodic measures. Every analytic Borel space will be shown to satisfy
this condition so that this theorem includes Theorem 4.4. We shall say that a
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G-space X has sufficiently many ergodic measures if for any A in &, u(4) =0
for all invariant measures y if and onlyif e(4) = 0 for all ergodic measures e.

THEOREM 5.3. If X is an analytic Borel G-space, then X has sufficiently
many ergodic measures. Moreover, in this case, the space & of ergodic measures
is an analytic Borel space.

Proof. By Theorem 3.2 we may assume that G-space X is isomorphic to a
G-subspace of a compact metric G-space X', defined by an analytic invariant set X.
We may assume that & # @. Let ¢ be an isomorphism of X with X. We denote
by G, a countable dense subgroup of G. Since G acts on X’ continuously, the set
#’ of invariant measures coincides with the set of measures invariant under the
action of the elements of G,,.

Suppose 4 = X and e(4) =0 for all ec&. Suppose that for some invariant
measure y, u(A) > 0. If u'(E) = u(¢~'(E)) for all Borel sets E, then p’ is an
invariant measure and p'*(é[A]) = p(4) > 0. Since £[A]is an analytic subset
of X itis u'*-measurable so that there exists a Borel subset B < ¢[A4] such that
1'(B) = p'*(¢[A])=u(A4) > 0. Since we can replace B by | J,e, 2[B], We may
(and do) assume that B is Gy-invariant. By Lemma 4.5 there exists an ergodic
measure e, of X' such that eg(B)>0. Since B is G,-invariant it follows
that ep(B) = 1. In particular, ej*(X) = 1 so that there exists a measure ¢, on X
such that ey(E) = eo(E™'(E)) for all Borel sets E. e, is clearly ergodic and
eo(A) = eo(¢"'(B)) = ej(B) > 0. This contradiction proves that X must have
sufficiently many ergodic measures.

It is easily seen that the Borel space .# of all measures on X is isomorphic to
the subset . of the space .#’ of all measures on X’ consisting of all measures
v’ with v'*(X) = 1. By Theorem 2.1, .# is an analytic subset of /', Moreo~ver
& is isomorphic to €' N .. Since &' is a Borel set in " it follows that &' N A is
an analytic subset of .#’. This shows that &is an analytic Borel space and com-
pletes the proof of the theorem.

We can now formulate our final theorem in this section. Let X be a Borel
G-space and for each M € & let

(M) ={e:ecé&, e(M)=1}.

©(M) = & and is a set in the Borel structure & for &. An invariant measure p
will be said to be representable if there exists a measure ¢ on (£, %) such that

u(4) = f «(A)do(e)
forallAeZ.

THEOREM 5.4. A necessary and sufficient condition that every invariant
measure be representable is that X have sufficiently many ergodic measures.
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If this condition is satisfied, then ©(M — ©(M)) is a o-homomorphism of the
Boolean c-algebra # onto the Boolean c-algebra </ having as kernel the o-
ideal #". Moreover, if u is any invariant measure and we define o(t(M))=pu(M)
for any Me &, o is a well-defined measure on (&, sZ) and is the unique measure
such that

H(A) = L o(A)do (o)

forall Ain .

Proof. Itis trivial thatif every invariant measure y is representable, then X has
sufficiently many ergodic measures. Suppose now X has sufficiently many ergodic
measures. It is then easily shown that 7 is a 6-homomorphism of & into ./ with
kernel #, We claim that © maps & onto .«¢. To prove this, it is enough to prove
that if Aisin Zand 0 < c <1, {e:e(4) < c} liesin the range of 7. Let f* = Uy,
where Uis a mapping of #into % having the properties described in Theorem 4.1
and define M = {x:f*(x) < c}. It is easily checked that ©(M) = {e:e(4) < c}.
In fact, if e(M)=1, then e(d) = [yY de = [yf*de = [y f*de =< c; while
e(M) < 1 implies, since M is invariant, that ¢(M) = 0 and hence

e(A) =va Y de = fxf*de=J; &5 f*de > c.

-M

Finally, since the kernel of 7 is .#7, given any invariant measure g, the function

o is well-defined on setting o(t(M)) = u(M) for all M in . o is obviously a measure

on 7. Let p’ be the measure on # defined by 1/(4) = [, e(4)da(e) for all 4 in Z.

p' is invariant and coincides with u on Z. Consequently, it can be concluded from

Theorem 5.1 that u’ = p. If ¢’ is any measure on «/ such that u(A4) = [, e(4)do’(e)
for all A4, then for any M in B,

uM) = f e(M)do’(e) + f e(M)do’(e) = o' (1(M)) = o(1(M)),
&—1(M) (M)
allowing us to infer that ¢ = ¢”. This proves the theorem.

ReMARK. In §6 we shall present examples of separable Borel G-spaces which
do not have sufficiently many ergodic measures. On the other hand Lemma 4.5
shows that any compact Hausdorff G-space has sufficiently many ergodic measures.
It seems difficult to formulate conditions, analogous to that of Theorem 5.3,
in the general case which would ensure the existence of sufficiently many ergodic
measures.

6. Examples. In this section we shall present a number of examples illustrating
various aspects of the foregoing theory.

1. Given any countable group G, there exists an uncountable compact metric
G-space X on which there exist nonatomic invariant measures.
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Let Y be any uncountable compact metric space and let X be the space of all
functions from G to Y. Equipped with the product topology, X becomes a compact
metric space. For any g in G and x in X we define g(x) to be the element of X
given by g(x)(h) = x(hg) for all he G. The map (g, x) — g(x) is continuous in g
and x (G has the discrete topology) so that X is a G-space. Given any measure
i on Y we define the measure u€ onzX to be theiunique measure;on the class
of Borel subsets of X such that for all distinct g,, g,,---,2, in G and Borel sets
Ao Ay Y,

k
u(B) = il;[lﬂ(A )

where B= {x:xe€ X, x(g)€ 4, for all i=1, 2,---,k}. u® is clearly invariant.
If u is nontrivial on Y, u¢ is even nonatomic.

2. Examples of standard Borel G-spaces supporting nonatomic ergodic measures
also arise in the theory of stationary stochastic processes. Let G be the additive
group of vectors in n-dimensional space and X the space of continuous func-
tions on G. Equipped with the topology of uniform convergence on compact
sets X becomes a complete separable metric space. For any g in G and x in X
we define g(x) to be the function h—»x(g~*h) on G. Under the action
(g,x) > g(x), X becomes a Borel G-space. It can be shown that there are non-
atomic ergodic measures on X (cf. [9] for the elements of the theory of stationary
stochastic processes). When G is the additive group of real numbers the invariant
measures on X correspond to the so-called stationary stochastic processes with
continuous sample functions.

Suppose now that G is the noncompact, non-abelian group of all matrices

#=(5 17a)

where a >0 and — 00 < b < 0. Since the map Y:g—loga is a continuous
homomorphism of G onto the additive group R' of real numbers, the map
f—fey is an isomorphism of the space X(R*) of all continuous functions on R*
into the space X(G) of all continuous functions on G such that it exchanges the
natural action of R' on X(R") with the natural action of G on X(G). Since there
are ergodic nonatomic measures on X(R'), it follows that there are nonatomic
measures on X(G) which are ergodic under the natural action of G on X(G).
Note that the natural action of G on X(G) converts X(G) into a Borel G-space.

3. Given any infinite countable group G there exists a uniquely ergodic standard
G-space X on which G acts freely, i.e., for any x € X, g(x) = x implies that g is
the identity of G.

Let us take any uncountable compact metric space Y and let us consider the
compact metric G-space X' of all functions from G to Y constructed in 1. above.
Write X, = {x:x € X', x is one-to-one on G}. X, is:an invariant Borel set and
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1 %(X,) =1 for any nonatomic measure u on Y. G acts freely on X,. Using
Theorem 4.3 we can find an invariant Borel set X’ = X, such that the G-subspace
defined by X’ is uniquely ergodic. Since G is infinite and acts freely on X', the
unique invariant measure on X'is necessarily nonatomic.

4. Given any infinite countable group G there exists a separable G-space X on
which there exist continuum many invariant measures but no ergodic measures.

To construct such an X we start off with the G-space X' constructedin 3. above
with the unique invariant measure p. Since X’ is standard and p is nonatomic
we may (and do) assume that X' is the unit interval and that u is Lebesgue
measure on X’. Let W = X’ x X' and for gin G and (x,x") in W, let

g(x,x") = (x, g(x")).

Equipped with the usual Borel structure, W thus becomes a Borel G-space. The
required G-space X will be the G-subspace of W defined by a suitably chosen
invariant subset of W. Let n be a Lebesgue measure on W. For any E = W and
any xin X'let E, = {y:(x,y) € E} and E* = {y:(y,x) € E}. We need a lemma.

LEMMA 6.1. T here exists a set Q = W such that n*(Q) = 1 and Q, consists
of precisely one point for each x in X'

Proof. Let K be the set of all sequences a. = (a;,d,,-+) where each a; is
0 or 1. By the classical construction of Lebesgue, there exist sets M, and M, < X’
such that Mo "M, = 8, Myu M, = X’ and p*(M,) = p*(M,) = 1. Let X be
the cartesian product of countably many copies of X’ and ji the product measure
on X. For any a.. = (ay,a,,--) in K we write

M, = H M,,
j=1

where [ denotes the cartesian product. It is easily shown that g*(M,_)=1 for
all a... The M, _ are mutually disjoint Borel sets in X and |J, M., =X.
Since there is an isomorphism between X and X that exchanges /i and y, and
since there are continuum many a.. in K, we conclude that there exists a family
{M,:0 <t <1} of mutually disjoint subsets of X’ such that Uoé,él M,=X’
and p*(M,) = 1 for allt. Define now

0 ={(x,t):xeM,}.

Since for any x in X', there exists precisely one tin [0,1] such that xe M,, it
follows that Q, consists of a single point for each x in X'. Moreover, for each
teX'=[0,1], Q' = M, has p-outer measure 1, so that we may conclude from
Fubini’s theorem that #*(Q) = 1. This proves the lemma.

We now resume the discussion of the example. Let Q = W be a set as in the
lemma and let
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X = elal

geG

X is an invariant subset of W and X, is a countable set for each x in X’. The
G-subspace defined by X is separable; and since 7*(X) = 1 there exists a measure
v on X such that n(B) = v(BN X) for all Borel sets B = W. v is clearly a nonatomic
invariant measure. We claim that there exists no ergodic measure on X. Suppose
in fact that e is an ergodic measure on X. Then the measure e, defined by
eo(B) = e(BN X) is an ergodic measure on W. It now follows easily from the
construction of W that there exists an xo € X' such that ey(W,,) = 1. This means
that e(W,, N X) = e(X,,) = 1. This last equation is impossible since X, is
countably infinite. Thus there exist no ergodic measures on X. By restricting v
to various invariant subsets of positive measure we obtain continuum many
invariant nonatomic measures.

5. Another class of examples arises from a consideration of the so-called
permutation groups. Let N be any countably infinite set and G a countable group
acting on N so that N is a G-space. For any Borel space (X, %) let (X~ ") be
the (product) Borel space of all functions from N to X. X" becomes a G-space
if we define, for x in XV and g in G, g(x) to be the function n - x(g” ' (n)) from
N to X. For any measure pu on # we write u" for the unique measure on %" such
that for distinct ny, ---,n,in N and Ay, -+, 4; in &,

k

1B = T]v4)

i=

where B = {x:xe X", x(n)eA; for i=1,2,-,k}. u is invariant under G.
The results of §§4 and 5 are thus applicable whenever (X, %) is an analytic Borel
space.

Suppose now N = G = the additive group of all integers and X the G-space
constructed in 4. above. For any measure y on % the measure u" is now known
to be even ergodic (in fact XV is the so-called sequence space in which G acts as
a shift). Thus the space of ergodic measures on X" is nonempty. Consider now
the mapping © of X into X" which sends any x in X to the function 7(x) defined
by ©(x)(h) = h™(x) for all h e G. 7 is then easily seen to be an imbedding of the
G-space X into the G-space X™(= X¢). Moreover, from the separability of X,
we conclude easily that t[X] is a set in #". The measure v on X constructed in 4.
gives rise, via t, to a measure v* on XV. Clearly v"isinvariant and v‘(z[X]) = 1.
But v* is not an integral of ergodic measures because if this were the case, there
will exist ergodic measures e on X" with e(t[X]) = 1; this will imply the exis-
tence of ergodic measures on X, a contradiction. The example of 4. above and
the example of a shift-invariant measure on X" which is not an integral of shift-
ergodic measures seem to be the first such explicit examples in the literature.

6. Suppose now that N is an arbitrary countably infinite set and G is the group
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all one-to-one transformations n— g(n) of N such that g(n) = n for all but
finitely many n. This was considered by De Finetti [8] when (X, %) is the Borel
space associated with the real line. The results of De Finetti were extended to more
general situations by Hewitt-Savage (cf. [12] and the references cited there). In
this case it turns out that for any measure pu on X, u" is ergodic on X" and that
every ergodic measure on X Nis of the form u" for some measure u on &. Thus,
whenever X is an analytic Borel space, everyinvariant measure on X isanintegral
of measures of the form u". It can be shown that this is true even when £ is only
o-isomorphic to some sub g-algebra of the Borel structure of an analytic Borel
space. Such Borel spaces (X, %) need not be countably generated. It seems to be
difficult to construct a separable Borel space X such that X~ supports invariant
measures which are notintegrals of measures of the form u".

7. The decomposition theory developed in §4 may not obtain if we omit the
the hypotheses concerning G. A counter-example due to A. N. Kolmogorov [10]
is as follows. Let X, be the set composed of the two points 0 and 1 and let X be
XY (cf. 5. and 6. above). For G we take the group of all permutations of N. Let
G, be the group of all permutations which leave all but finitely many elements
of N fixed. Then it is easily shown that a measure on X" isinvariant under G if
and only if invariant under G,. In particular, there are continuum many ergodic
measures. There are, however, only countably many orbits. In this case every
invariant measure is two-valued on the class of invariant sets. Notice that the
representation theorems of Choquet-Bishop-De Leeuw apply nevertheless and
lead to representations of invariant measures as integrals of ergodic measures.

8. When X is an arbitrary compact metric G-space it may happen that there are
no invariant measures. Fomin [10] has proved theorems according to which
when G is suitably restricted (abelian, solvable, etc.), there exist invariant measures
on every compact metric G-space.
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