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1. Introduction. The main object of the present paper is to describe a general-

ization of some aspects of the classical von Neumann-Krylov-Bogoljubov theory

of the decomposition of a suitably restricted Borel space into its so-called ergodic

parts relative to a flow [1 ; 13; 18; 19]. Our main results deal with locally compact

groups of transformations acting measurably on sufficiently smooth Borel spaces,

and lead to a fairly detailed picture of the action of such groups of automorphisms.

The organization of the present paper is as follows. In §2 we summarize the

basic material concerning Borel spaces which is pertinent to our subsequent

discussions. In §3 we introduce the notion of a Borel G-space and examine the

intimate relation between Borel G-spaces and topological G-spaces. We obtain,

among other things, generalizations of well-known results of Mackey [17] and

Ambrose-Kakutani [2]. In §4 we take up the study of a standard Borel G-space.

We show that any standard Borel G-space can be decomposed, in an essentially

unique fashion, into disjoint invariant Borel sets on each of which the group acts

uniquely ergodically.

This decomposition leads to canonical forms for standard Borel G-spaces and

to representations of invariant measures as integrals of ergodic measures. In §5

we study the convex set of all invariant measures on an arbitrary Borel G-space.

We prove that every invariant measure is uniquely determined by its values on

the cr-algebra of invariant sets and that the set of invariant measures is isomorphic

to the set of all measures on some, possibly abstract, rr-algebra. In §6 we give a

number of examples and make a few remarks supplementing the preceding

discussions.

Some of the results of this paper are contained in a research announcement

of the Bulletin of the American Mathematical Society. After the announcement

was submitted, the present writer came across a preprint of Dr. R. H. Farrell

of Cornell University in which results close to some of the results of the present

work have been obtained. This writer would like to express his warm thanks to

Dr. Farrell for allowing a reference to his paper to be included in this work;

Dr. Farrell's work will appear in the Illinois Journal of Mathematics. Thanks
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are also expressed to Dr. R. Sacksteder and Dr. H. Teicher of the Courant In-

stitute of Mathematical Sciences, and to Dr. Ranga Rao of the University of

Illinois, for their interest in the present work.

2. Borel spaces. In this section we shall summarize briefly the basic concepts

concerning Borel spaces and prove certain auxiliary lemmas. Our terminology

closely parallels that of Mackey ([17]; cf. also [4; 14]).

A Borel space is a pair (A, SB) where A is an abstract set and SS a a-algebra

of subsets of A; SS is called the Borel structure of the Borel space. When no

confusion can arise we refer to A itself as the Borel space. A Borel space (Y, %)

is a Borel subspace of the Borel space (A, SS) if Y çz A and ^ consists precisely

of the sets of the form Ar\Y with A elf; we then refer to it as the Borel subspace

defined by Y. If (Ax,SSX) and (X2,SS2) are Borel spaces, a map/of Xx into A2 is

called measurable if f~1(A)e@x for all ^e^2. Two Borel spaces (Xx,&x)

and (X2,SS2) are called isomorphic if there exists a one-to-one map / of Aj onto

A2 such that / and /_1 are both measurable ; any such/is called an isomorphism.

An automorphism of a Borel space (X,3S) is a one-to-one map of A onto itself

such that/_1L4)eá? if and only if A e¿%. If A is a topological space we define

the Borel space associated with X to be the pair (A, Se) where Sä is the smallest

e-algebra of subsets of A with respect to which all real-valued continuous functions

are measurable. S& is then the «r-algebra generated by sets of the form/-1(C)

where C is any closed subset of the real line and/ any continuous function on A.

When A is a metric space, SS coincides with the cr-algebra generated by the class

of all open sets in A ; in this case we shall refer to sets of Sä as Borel sets.

A Borel space (X,SS) is countably generated if there exists a denumerable

class ^ Ç SS such that SB is the rj-algebra generated by ^C;it is called separable if

it is countably generated and if {x} e SB for each xeA. (A, Sä) is called standard

if it is isomorphic to the Borel subspace of a complete separable metric space

defined by a Borel set; it is called analytic if it is isomorphic to the Borel subspace

defined by an analytic subset of a complete separable metric space. A separable

Borel space (X',SS') is analytic if and only if there exists a standard Borel space

(X,S8) and a measurable map/such that/ maps A onto A'.

It is a consequence of some deep theorems in the theory of Borel sets in metric

spaces that any two standard Borel spaces are isomorphic if (and only if) the

underlying spaces have the same cardinality; moreover the only uncountable

cardinal that can arise is that of the continuum. In particular every standard

Borel space whose underlying set is uncountable is isomorphic to the Borel space

associated with the unit interval.

By a measure p on a Borel space (X,SS) we understand a non-negative countably

additive set function defined on S§ with p(A) = 1. p is called standard if there

exists anJVeJ such that (i) p(N) - 0, (ii) the Borel subspace defined by A - N is

standard. A Borel space is said to be metrically standard if every measure on it is
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standard. Any analytic Borel space is metrically standard. If Ji is the set of all

measures on a Borel space (X,38) and Ji' any subset of Jl, we denote by

sí(Jl', 38) the smallest cr-algebralof subsets of Jl' that makes all the maps p-^p(A)

(Ae38) measurable. We call sJ(Jl'' ,3S) the customary Borel structure for Jl'.

We shall usually write so for s#(Jl',88) whenever the context makes it clear

what Jl' and 38 are; often we omit even mentioning si. If Jl2 çz Jly çz Jt the

Borel space Jt2 is the Borel subspace of Ufi defined by Jl2.

When X is a completely regular Hausdorff space, the space y of all finite

countably additive set functions on the associated Borel space becomes a locally

convex Hausdorff topological vector space when it is equipped with its weak*-

topology, i.e., the smallest topology on "V which makes the maps zg : <p -► Jx g d(j>

continuous (<¡> e rT) for all bounded continuous g on X. Topological statements

concerning f or its subsets are always to be understood with reference to this

topology. When X is a separable metric space and Jl is the set of all measures

on the associated Borel space, Jl is a separable metric space. If X is a complete

separable metric space *^can be given a complete metrization. Jl is a compact

metric space if and only if X is so [20; 21 ; 22].

Finally we make a few remarks on countably generated Borel spaces. Such

Borel spaces need not be separable. However, if (X,38) is countably generated,

then each xeX lies in a unique atom Ax of 38, i.e., a non-null set in 33 such that

if A e 38 and A^AX then either A = 0 or A = Ax. In this case, if Xo is the set of

all atoms, n is the map x-» Ax, and 38° is the class of all sets A0 çlX0 such

that n~x(A°)e38, then (Xo,38°) is a separable Borel space, called the canonical

separable Borel space associated with (X,38). If a is any automorphism of

(X,08) there is a unique automorphism a0 of (Xo,38°) such that n°a = a°°n.

Moreover, the correspondence a->a° is a homomorphism, i.e., (a°ß)° = a°°ß

and (a-1)0 = (a0)"1.

Lemma 2.1. Let (X,!%) be a separable Borel space. Then there exists a

standard Borel space (X',38') such that X £ X' and 38 = 38' C\X, i.e.,

38 ={A' C\X:A' e 38'}. In particular, there is a separable metric topology for X

under which 38 is the class of all Borel subsets of X.

Proof. This is just Theorem 2.1 of [17].

Lemma 2.2. Let (X,38) and (Y,^) be analytic Borel spaces and let it be a

measurable map of X onto Y. If v is any measure on <& there exists a measure p.

on 38 such that v(A) = p.(n~1(A))for all Ae<€.

Proof. Since X itself is the image under a measurable map of a standard space,

there is no loss of generality in assuming that X is standard. Suppose X is standard.

By a lemma of von Neumann [17, Theorem 6.3] there exists a set N e <€ and a set

Ee38 such that (i) v(N) = 0 (ii) n is one-to-one on E and 7t[£] = Y- JV. Since

the Borel subspace defined by E is standard and n is one-to-one, it follows that
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n is an isomorphism between E and Y — N. It now suffices to define the measure p

on SB by setting p(A) - v(n[A n £]) for all AeSS.

Corollary. Let (X,SB) be an analytic Borel space and let SB'^SB be a

countably generated a-algebra. If p' is any measure on SB', there exists at least

one measure ¡i on SB whose restriction to SS' coincides with p'.

Proof. It is well known that there exists a real-valued function/ on A such that

SB1 = {f~\E):E a Borel set of the line}. Let Y =/[A]. Then Y is an analytic

subset of the line. Let (F,^) be the Borel subspace of the line defined by F and

for any C e & write v(C) = p'(j_1(C)). The corollary follows from the lemma

at once.

Let now A be a separable metric space and SB the class of Borel subsets of A.

The space Jt of all measures on SS is a Borel space when equipped with what we

have called its customary Borel structures/. On the other hand, Jt is a separable

metric space in its weak*-topology and hence we may consider the a-algebra sé'

of Borel sets of the separable metric space Jt.

Lemma 2.3.   ¿é=sé'.

Proof. We first show that sé £ sé'. If «Sf is the class of all bounded measurable

functions g on X for which the maps xg : p. -> J^gdp are all ¿/'-measurable, it

is clear that ifis closed under formation of linear combinations and under

bounded pointwise convergence. Moreover, for any bounded continuous g,

xe is continuous on Jt and hence j/'-measurable. 3? thus contains all bounded

measurable functions, in particular the characteristic functions of sets in SB. By

the definition of sé we now infer that sé <^sé'.

To show that sé' £ si it is enough to show that any open set in Jt belongs

to sá. Since any bounded measurable function is the uniform limit of a sequence

of linear combinations of characteristic functions, it follows that for each bounded

measurable g, the map p -> }Xgd¡.i is ¿¿/-measurable. Consequently, for any

e > 0 and bounded continuous functions gx, g2, ■■■, gk on A, the set

(*) N(ßo-gi,—,gkle)=\fi:  max |      g¡dp- \    g¡dp0|<£
I lii^k   J X J X I

lies in sé. The totality of all such sets is a base for the topology of Jl, and since

JÍ is a separable metric space, each open set in Jt is a countable union of sets of

the form (*), and is hence a member of sé. This Sproves that se' ç,sé and com-

pletes the proof of the lemma.

Theorem 2.1. Let (X,SB) be a countably generated Borel space and Jt the

space of all measures on SS. Jt is then a separable Borel space. If X is standard,

so is Jt; if X is analytic, so isJt.

Proof. Since the Borel structure of Jt depends only on the rj-algebra SB and
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since the o--algebra 38° is rr-isomorphic to 38 we may and do replace (X,38) by the

associated separable Borel space (X ,38°). In other words we shall assume

that (X, 38) is separable. There is then some separable metric topology for X under

which 38 becomes the class of Borel subsets of X. The space Jl will then be a

separable metric space and hence by Lemma 2.3 (Jl, -si) is a separable Borel space,

si being the customary Borel structure on Jl.

Suppose now (X, 33) is standard. We may then assume that X is a complete

separable metric space and 38 the class of Borel subsets of X. Jl will then be a

complete separable metric space in its weak*-topology and hence we infer from

Lemma 2.3 that Jl is a standard Borel space.

Suppose finally that X is analytic. Then there exists a standard Borel space

(X',33') and a measurable map n:X' -> X such that n\X'~\ = X. Let Jl' be the

space of all measures on 38' and for any u' e Jl' let ¡x'„e Jibe defined by setting

n'n(A) = ß'(iCi(Ä)) for all Ae38. p.'^¡x'n is a measurable map of Jl' into Jl

and Lemma 2.2 implies that it is even onto Jl. Since X' is standard so is Jl' while

Jl is separable since X is separable. We may then conclude that Jl is an analytic

Borel space.

3. Borel and topological G-spaces. Throughout this paper G will denote a

fixed locally compact group satisfying the second axiom of countability. We

shall regard G as a Borel space by equipping it with the Borel structure generated

by the open sets of G. A G-space will be a Borel space (X, 38) together with a map

(g, x) -> g(x) of G x X into X such that (i) x -* g(x) is an automorphism of the

Borel space (X,@) for each g in G,(ii) for all xeX and gi,g2eG, gt(g2(x)) =

= gig2(x). A Borel G-space is a G-space in which the map (g,x)-*g(x)

is a measurable map ofGxI into X. We shall use the same symbol X to denote

both the G-space and the underlying space on which G acts. A G-space is called

standard (analytic, etc.) if the underlying Borel space is so. A G-space X is said

to be topological if (i) X is a completely regular Hausdorff space and the under-

lying Borel structure 38 is the smallest one which makes all continuous functions

on X measurable, (ii) the map (g,x)-»g(x) is continuous from G x X into X.

A topological G-space is said to be compact (separable, metric, etc.) if the under-

lying topological space is so.

Let X be any G-space. For any set A ç X and any g in G we write

g\_A~\ = {g(x):xeA}.A set A is said to be invariant if g[A~] = A for all g. If 88 is

the underlying Borel structure of X we write 88 for the er-algebra of those sets in

88 which are invariant. By an invariant measure we mean a measure p for which

Kg[Aj) = ii(A) for all g and A e 38. We write J for the set of all invariant meas-

ures. J is a convex set. A measure e on 33 is said to be ergodic if it is an extreme

point of the convex set J. We denote by S the set of all ergodic measures. We

write JT for the er-ideal of all sets A e 38 such that p(A) = 0 for every invariant

measure p. We put Jf = A'' n &.  Given  an  invariant measure p and   A e 88,
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A is called p-invariant if p(g[A~\AA) = 0 for each geG. A J'-measurable func-

tion/on A is said to be p-invariant if/(g_1(x)) =/(x) p-almost everywhere for

each g in G.

Two G-spaces A and X' are said to be isomorphic if there exists a map

f:X-*X' such that (i)/ is an isomorphism between the underlying Borel spaces

and (ii)/(g(x)) = g(f(x)) for all g and x e A. A G-space A is said to be a G-sub-

space of a G-space A' if A is an invariant subspace of A' and if the G-actions on A

and A' coincide over A; A is then said to be the G-subspace defined by the in-

variant subset of A' in question.

We shall write X for a fixed left invariant Haar measure on G. We denote by

JS?1 the Banach space of (equivalence classes of) A-summable Borel functions

on G, and for any (¡> e 3?* we put || <p || x = fG | (p(g) \ dX(g). Given (p,i¡ie3'1 we

write (f> * \// for the function of 3'1 defined for almost all he G by (<f> *ip) (h) =

ia<l>(g)Hg-lh)dX(g).

If A is a Borel G-space, it follows easily from the measurability of the map

(g, x) -► g(x) that for each bounded ^-measurable function / on A, the function

x -* ¡G^(g)fi.g'i{x))dX(g) is bounded and ¿f-measurable for all cpe3'1; we

denote it by <p */. We write J^for the Banach space of all bounded ^-measurable

functions on A and for each/eJ2" we put |/| = sup xeX \f(x) |. It is obvious

that | <t> *f || ^ || <p ||, • ||/1| for all <p in 3' and / in ¿Fand that / -► <p */is a bounded

linear operator in J^for each (p.

Unless otherwise stated X,SB,G,-- will have the same meaning throughout

the rest of the paper and A will be a Borel G-space.

Lemma 3.1. Let X be a Borel G-space and A' s A an invariant subset.

Then the G-subspace defined by X' is a Borel G-space.

Proof. Trivial.

Lemma 3.2. Let X be a topological G-space. Then X is necessarily a Borel

G-space.

Proof. We must show that (g, x) -» g(x) is measurable from G x A to A.

Since the Borel structure SS of A is the smallest one that makes all continuous

functions on X measurable it is enough to prove that for any continuous / on

X, (g,x)-+f(g(x)) is measurable on G x A. Write u(g,x) =f(g(x)). It is clear

that for each x in A, g -> u(g, x) is continuous in g while for each g in G,

x-+u(g,x) is continuous and hence ^-measurable on A. Since G is a separable

metric space it follows [14, p. 286] that u is measurable on G x A.

Lemma 3.3. Let X be a Borel G-space and AeSB. Then there exists an

invariant set A0e3Ssuch that p(A A A0) = 0for every invariant measure pfor

which A is p-invariant. More generally, iff is any SB-measurable function there
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exists an invariant ^¡-measurable function f0 such that f=f0 n-almost every-

where for any invariant measure p. for which f is fi-invariant.

Proof. We shall first show how to deduce the second assertion from the first.

Given/ we can find a sequence/„ converging pointwise to/ where each/, has the

form Z;Cnii/^n( where the cni are constants and the sets Ani are of the type

{x: anl <f(x) ¿¡ bni}. If we define/? = 2Z¡cni\¡/Ani where A°ni is an invariant set in 33

related to Ani as in the lemma, and put/0(x) = lim/°(x) for all x for which this

limit exists and/0(x) = 0 for all other x, then it is easily verified that/0 has all the

required properties.

To prove the first assertion, let Ae83 and let S = {(¡>:<p ̂ 0, <j>e3l,

||<p||i = 1}. For each (¡>eS we define A<¡¡= {x:(<¿>* \¡iA)(x) = 1} where \]/Á is the

characteristic function of A. Let A0 = Ç\^s A^. Each A^ is in 88 and it

follows from the inequality || <p * u || ^ j| <¡> \\t ■ \\ u \\ (u in &) that f]^sA,t,

= f\„Afn where {<j>u </>2, •••} is any dense sequence in S. Consequently

A0 e 88. For any he G and 4> e S if we define <j>\g) = 4>(hg) for all g, then it follows

from the identity (4>*\¡iA)(h(x)) = (4>h*\¡iA)(x) that xeA^ if and only if

h(x) e Aj, and hence we may conclude that A0 is invariant. We complete the proof

by showing that if p is an invariant measure and A is p-invariant, then

lx(A A A0) = 0. It is enough to prove that for all n pLA^ A\A) = 0. If p is any

invariant measure such that p(g[A] A A) = 0 for all g, we deduce that

xi'A(g~í(x)) = i¡/A(x) for each g and p-almost all x and Fubini's theorem enables

us to conclude the existence of a set JV e 88 such that p(JV) = 0 and for each x in

X-N, \¡iA(g~1(x)) = \¡/A(x) for almost all g, so that ((¡>*\l/A)(x) = ir<A(x) for

p-almost all x for each <p e S. This implies that p(A^ A A) = 0 for all n and hence

that n(A A A0) = 0.

Remark.  It is to be observed that the set A0 depends only on A and not on p.

Theorem 3.1. Let X be a Borel G-space and 38 the a-algebra of invariant

sets in á?. Then S consists precisely of those invariant measures \i having the

property that p(A) = 0 or 1 for each Ae88.

Proof. Suppose ¡ie J and Ae~88 such that \i(A) = c where 0 < c < 1. If we

define measures pt and p2 by setting p^B) = (l/c)¡x(B nA) and p2(B) = (l/(l-c)

x p(B n(X - A)) for all Be88, then it is obvious thatnup2e J,\iy # p2,andp

p = c-/il + (1 - c)-p2. This shows that p.$ê.

Conversely let p e J have the property that p(B) = 0 or 1 for each Bef.

We shall show that ¡ieS. Suppose in fact that p $ S. Then we may write

(i = c ■ pt + (1 - c) • p2 where 0<c<l, puu2e^ and pt # p2- Clearly pt and

p2 are absolutely continuous with respect to p. Let/! = dpj'dfi be the Radon-

Nikodym derivative of px with respect to p. Since pt # p there exists an a>0

suchthat if 4 = {x:/1(x)<a}, then 0 < n(A) < 1. Since pt and p are both

invariant it follows easily that for each g,/i(g_1   (x)) =/!(x)for p-almost  all  x
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and hence that p(g[^4] A A) = 0 for each g. By Lemma 3.3 there exists an in-

variant set A0eSB such that p(A A A0) = 0. This implies that 0 < p(A0) < 1 and

gives us a contradiction.

Our work up to now has been of a preparatory nature. We now begin to examine

the relation between topological and Borel G-spaces. The classical results of

Weil, Mackey and Ambrose-Kakutani [11 ; 17; 2] have made it clear that there is

an intimate interplay ¡between measure and topology in our context. We shall

make the connections much more explicit by our results in this section. In fact

we shall spend the remainder of this section in establishing that under mild

conditions of a general nature Borel G-spaces are isomorphic to topological

G-spaces.

For any nonempty set 3 s ¡F we write Y(3) for the set of all

functions y on 3?' x 3 such that (i) for each / e 3, <£ ->■ y(<p,f) is linear

in <p, (ii) \y(<p,f) | á || 4> |i • ||/1| for all <p in 3/xand/ in 3. Under the topology

of pointwise convergence Y(3) becomes a compact Hausdorff space. The class

of Baire subsets of Y(3) is easily seen to coincide with the smallest a-algebra of

subsets of Y(3) that makes all the maps y -* y((p,f) measurable. The inequality

| y((p,f) | ^ || <p || i • ||/1| implies in a straightforward fashion that if 3 is separable

then Y(3) is even a compact metric space.

Lemma 3.4. For each ye Y(3) and geG define g[y](4>,f) = y(<t>s,f) for all

(pin3'1andfin3where<pg(h) = (p(gh) for all h. Then Y(3), together with

the map (g,y) -* g[y], is a compact Hausdorff G-space.

Proof. It is routine verification that y -* g[y] is a one-to-one map of Y(3)

onto itself and that glg2[y~\ = giCg^M] for aH 7> gi and gi- Moreover, if

y,f 6 Y(3) and g, g' e G, the inequality]

\y{<p* J)-yW\f)\^\y{VJ)-yW,f)\ + \\4>g - <t>s'\W\\f\
shows that the map (g, y) -* g[y] of G x Y(3) into Y(3) is continuous. This

proves that Y(3) is a compact Hausdorff G-space.

Theorem 3.2. Let X be a standard (respectively analytic) Borel G-space.

Then there exists a compact metric G-space Y and an invariant Borel set (respec-

tively analytic set) A' s y such that the G-space X is isomorphic to the G-sub-

space of Y defined by A'.

Proof. Let AX,A2,---, be a sequence of sets generating SS and let i/%-l/'.*V"

be their characteristic functions. Let 3 = {i//Ai,\¡/A2,---} and form the G-space

Y(3) described in Lemma 3.4.1 We write Y = Y(3). Since 3 is countable, Y is a

compact metric G-space.

For each xeA write yx(<p,f) = (4>*f)(x) for all;rp in JSf1 and/ in 3. Clearly

yx e Y and the map i : x -* yx is a measurable map of A into Y.lfgeG the string of
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equations yg(x)(<p,f) = (<t>*f)(g(x)) = (<£**/) (x) = yx(<pg,f) = g{yx~\((p,f) shows

that { exchanges the G-action on A into the G-action on Y. In particular it follows

that A' = £[A] is an invariant subset of Y.

We now claim that £ is an isomorphism of the G-space A with the G-subspace

defined by A'. It is enough to prove that £ is an isomorphism of the Borel space

A with the Borel subspace of Y defined by A'. Since £ is measurable and A is either

standard or analytic it is enough to show that £ is one-to-one; moreover, once it is

proved that £, is one-to-one, it will also follow that A' is analytic or Borel if A is

analytic or standard [17, Theorems 3.2 and 4.2]. To prove that £ is one-to-one

let x, yeX and let yx = yy. From the characterization of linear functional on

3'1 we infer that/(g_1(x)) =/(g_1O0) for each fe3 for almost all g. Since 3 is

only countable it follows that for some g0 f(gö1(x)) =f(gö1(y)) for all/e^.

By choice of 3 this implies that go 1(x) = go 1(y) and hence that x = y.

Corollary. Let X be a separable Borel G-space and for each xeA let

Gx — {g'- g(x) = x}. Then each Gx is a closed subgroup of G.

Proof. The proofs of the facts that ¿j is one-to-one and Y is a compact metric

G-space need only the assumption that A is separable. Since the map g -> g[y] is

continuous for each y e Y, the subgroup {g: g[y] = y] is closed for each y and the

corollary follows at once.

Remarks 1. Theorem 3.2 is a generalization of a result of Mackey [17]

according to which a subgroup of G is closed if (and only if) the quotient Borel

structure of the space of left cosets is separable.

Remarks 2. It has been pointed out by the referee that Theorem 3.2 is closely

related to Lemma 2 of Mackey's paper Point realizations of transformation

groups in the Illinois J. Math., Vol. 6, No. 2. Mackey is however concerned with

a different question; also the G-space in which A is imbedded will be different if

one follows his arguments. The writer would like to thank the referee for this and

for other suggestions.

If A is not analytic, Theorem 3.2 need not be true. In any case our method

fails. The mapping £ need not be an isomorphism. However, it is obvious that

if we replace the Borel structure on A by the smallest one with respect to which

all the functions x ->(</>*/) (x) are measurable, then t, is an isomorphism of this

new Borel space with the Borel subspace defined by A'.

We shall now examine the nonanalytic separable case. It will follow as a con-

sequence of our discussion that separable Borel G-spaces are, so to speak, essen-

tially isomorphic to separable metric G-spaces. The reader who is not interested

in this problem may skip the rest of this section and go to §4 where Theorem 3.2

is made the basis for obtaining the decomposition of a standard Borel G-space

into its ergodic parts.

Lemma 3.5.   Let p be an invariant measure and letfeS?. Then there exists
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a sequence ^i,^2,--- in 3'í such that (i) i/zj^O, || i/^-1| t = 1 for / = 1,2, - • •,

(ii) || \¡/j * oí — a Q] -* 0 as j -» oo for each a in J5P1, (iii) \¡/j * / -* f as

j -* co fi-almost everywhere.

Proof. Let Ut, U2,--- be a sequence of compact neighbourhoods of the identity

in G shrinking to the identity and let </>„ = (1/X(U„))[//Vn. Then || <p„ * a — a | x -> 0

as n-> co for each a e if* [15, p. 124]. Let t be a function on G such that

0<t(g)<l for all g and J"gtíU<oo. For any xeX write fx(g) =f(g(x)).

We may assume that ||/|| ^ 1.

For each x e X the function x •/, is in JS?1 and hence || (¡>„ * t •/, — t -fx || t -» 0

as n->oo. Moreover, || <p„*t•/, — x•/,|t :£ 2 || 11|t and it is easily seen that

x -» | (p„ * t -/x — t •/, || i is ^-measurable. Consequently

1 |^n*T-/x-T-A||i¿i"W-»o
/x

as n -> oo. This means that there exists a subsequence n1 < n2< ■■■ such that

£       ||^ni*T-/I-T-/JC||1dp(x)< co.
j   Jx

Fatou's lemma implies now that

£ || <Pnj* *•/*-*•/* ||i < co
j

for p-almost all x. A second use of Fatou's lemma now yields the fact that for

p-almost all x

£ \4>mj*t'f*-i'f,\ < °°
1

for almost all g. In particular, for p-almost all x, | <pn¡ * x -fx — x -fx | -> 0 as

j -» oo for almost all g. By Fubini's theorem it follows that for almost all g,

(l)nj*'c'fx^'c'fx f°r p-almost all x. Since || 0n/*T — t||x -» 0 as  /-» oo also we

conclude that for some g0eG and a further subsequence m! < m2 < ■•■

/,
¿m/gMg-^/(¿T^oW)^) -* T(g0)/(g0(x)),

G

£
¿./.SMs'^oWí)   -T(g0)

;g

hold for p-almost all x. Since p is invariant the first relation leads to

I KigKg-'gJKg-l x)dX(g) -» r(g0)/(x)
G

for p-almost all x. Write now

ßj(g)=(<t>mi(g)«g-1go))/«go)
and
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Clearly \jf} ̂  0, || \j/j ||i = 1 and \j/j*f-*f p-almost everywhere. Since \]/j vanishes

outside Un] it follows from a well-known fact [15, p. 124] that || \¡/j*a-a. \\x -» 0

as j -* co for all a in 3'1. The lemma is proved.

For any subset 3 of J5" we write SB(3) for the smallest rj-algebra of subsets of A

which makes the functions x->((p *f)(x) measurable for all <p in 3'1andf in 3.

For any g in G, (4> *f)(g(x)) = (4>g*f)(x), which shows that x -» g(x) is an auto-

morphism of the Borel space (A, SS(3)). This Borel space, which we denote by

X(3), is thus the underlying space of a G-space. We shall denote this G-space

also by X(3).

Lemma 3.6. X(3) is a Borel G-space for any 3 s 8F. If 3 is separable

under the norm of ¿F and separates the points of X, then X(3) is isomorphic to

the G-subspace of a compact metric G-space.

Proof. To prove that X(3) is a Borel G-space we must show that the map

(g, x) ->• g(x) is a measurable map of G x X(3) into X(3). This will be shown if

we show that the map (g,x)-► (<p*/)(g(x)) = ((pg*f)(x) is measurable on

G x X(3). Now for each x in A, the function g -> (cp g*f) (x) is continuous on the

separable metric space G while the function x->(<pg*f)(x) is â?(^)-measurable

for each fixed g in G. By a well-known theorem [14, p. 286] it follows that

(g,x) ->(ep *f)(g(x)) is measurable on G x X(3).

When 3 is separable and separates the points of A, the argument given in the

proof of Theorem 3.2 shows that £ is an imbedding of X(3) as a G-subspace

of Y(30) where 30 is a denumerable dense subset of 3. The lemma is proved.

Lemma 3.7. Suppose that SSX is the smallest a-algebra of subsets of X with

respect to which all functions of 3 are measurable. If p is any invariant measure

then SBX ç 3,(3)^ where SB(3)ß denotes the p-completion of the a-algebra SB(3>).

Proof. It is enough to prove that each fe3 is â'(^)il-measurable. Now by

Lemma 3.3 there is a sequence t/^,1/^, ••• in3jl such that t/^*/->/ p-almost

everywhere. Since each \]/j */ is ,É(^)-measurable it follows at once that / is

âC^-measurable.

Theorem 3.3. Suppose X is a Borel G-space and p an invariant measure

on X. Suppose further that there is a countably generated a-algebra SB1 such

that SB1 separates the points of X and SB is contained in the p-completion of SB1.

Then there exists a separable metric topology over X with the class SS' of Borel

sets such that (i) X, equipped with this topology, is a topological G-space,

(ii) SB' çSB ç SSI where Sf„ is the p-completion of SB'.

Proof. Let Ax,A2,---be a sequence of sets separating points of A and gene-

rating J11. Let 3 be the set {•A¿1,i/'¿2, •••}• The imbedding procedure outlined

in Theorem 3.2 can be used in an analogous fashion to  prove that the Borel
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G-space A (equipped with SB(3)) is isomorphic to a subspace of a compact metric

G-space. In other words, if we write SB' = SS(3), there is a separable metric topol-

ogy for A under which SB' becomes the class of Borel subsets of A, and

equipped with which A becomes a topological G-space. Lemma 3.5 now implies

that S3' s SB s SB/, and completes the proof.

Remark. Theorem 3.3 is a generalization of a theorem of Ambrose and Kaku-

tani [2]. It may be observed that we have proved a slightly sharper result than

described in the statement of the theorem. Indeed the separable metric G-space

A is even isomorphic to a G-subspace of a compact metric G-space.

As a final result we shall obtain conditions under which a Borel G-space is

isomorphic to a G-subspace of a compact Hausdorff-space. We write Ê for the

smallest a-algebra of subsets of A that makes all the maps x -> ((/> */) (x)

measurable ((p in 3\ f in F). â = â(^) in the notation of Lemma 3.4. We

shall say that A is separated if given x,yeX and x ^ y, there is an A eS8 such

that xeA and yeX — A.

Lemma 3.8.    If X is a compact Hausdorff G-space, then SS = SS.

Proof. Let C be the closed linear subspace of 3F consisting of all continuous

functions on A and for any/e C and gin G write (Wgf)(x) =f(g~1(x)). For any/

in C and (p in 3'i the function x->((p *f)(x) is continuous. Let D denote the set

of all such functions as </> varies over 3X and / over C.

We claim that D separates the points of A. Suppose in fact that x,yeX and

x # y. Then there is an/0 e C for which/0(x) #/0(y). Let L be the closed linear

subspace spanned by all the Wgf0 as g varies in G. Since A is compact and G

acts continuously on A, L is separable. Suppose now that D does not separate

x and y. Then for each weL, (cp*u)(x) = (tp*u)(y) for all (p in 3?1 and hence

t((g_1(x)) = w(g_1(y)) for almost all g. Since L is separable there will be some

g0 such that u(gö1(x)) = "(goHjO) f°r a,l ueL. If we now define w(x')

=/0(g0(x')) for all x'eA then ueL and we can infer that/0(x) =/0(y), a

contradiction. D thus separates the points of A.

By the Stone-Weierstrass theorem the algebra generated by D is dense in C

and since each element of D is J?-measurable we reach the conclusion that every

/ in C is ^-measurable. This proves that SS coincides with the class of Baire sets

of A, i.e., ê = SB.

Theorem 3.4. A set of necessary and sufficient conditions that a Borel G-

space X be isomorphic to a G-subspace of a compact Hausdorff G-space is that

X be separated and SB — SB.

Proof. Let Y = Y (F) be the compact Hausdorff G-space described in Lemma

3.2 and for each x in A let yx(<p,f) = (<p*f)(x). Then yxe Y and Ç(x-+yx) is a

measurable map of A into Y with yg{x) = g[yj for all g and x. Write A' = £[A].

A' is an invariant subset of Y.
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Suppose now that X is separated and 88 = 88. The fact that X is separated

implies that 88 separates points of X. Since 38 = 88 it follows that 88 separates

points of X. This implies that the family of functions x-+yx(cj),f) separates

points of X and hence that £ is one-to-one. Consequently, £ is an isomorphism

of the Borel space (X,38) with the Borel subspace of Y defined by X'. Since

88 = 38 it follows that Ç is an isomorphism of X and X'.

We now prove the converse. Suppose that Y is a compact Hausdorff G-space

and X an invariant subset of Y. The Borel subspace defined by X is clearly separa-

ted. We now show that 88 = 38. Let 88Y denote the class of Baire subsets of Y and

88y the smallest rj-algebra of subsets of Y that makes all the maps y-+((f> *f')(y)

measurable ((¡> in 3?1 and/' bounded á?F-measurable). By Lemma 3.8 88 Y = 88Y.

Since 83 = 38Y C\ X it is thus enough to prove that 88 = 88Y n X. This, however,

follows from the fact that given any bounded ^-measurable / there exists a

bounded á?y-measurable/' such that/ and <j> */ are the restrictions to X off and

and 4> */' respectively.

The theorem is proved.

Corollary. If G is countable and X is a separated G-space, X is isomorphic

to a G-subspace of a compact Hausdorff G-space.

Proof. If ô is the function equal to 1 at the identity of G and 0 elsewhere, it is

clear that ô*f =f for all /in J^. This implies that 38 = 88 and proves the corollary.

4. Decomposition into ergodic parts. Our aim in this section is to prove that

any standard Borel G-space can be decomposed in a "measurable fashion"

into disjoint invariant Borel sets on each of which the group acts uniquely er-

godically.

Suppose X is a Borel G-space and S the space of ergodic measures. Equipped

with what we have called the customary Borel structure^) (in §2), S is a Borel

space and it makes sense to talk of measurable mappings into ë. Suppose ê is

nonempty. A map ß (x -» ßx) of X into S is said to be a decomposition map of

the G-space X if it satisfies the following conditions : (i) ß is a measurable map

of X into S, (ii) ß is invariant, i.e., ßgM = ßx for all g in G and x in X, (iii) If

Xe = {x:ßx = e} for e in S, then Xe e88, e(Xe) = 1 for all e, and for any invariant

measure p,

(D) n(A)=jxßx(AnxßxW(x)

for all A e 33.

Some remarks are in order concerning the above definition. In the first place,

since ßx(Xßx) = 1 for all x, the integrand in (D) is just ßx(A). Since ß is a measurable

map of X into S it follows that x -» ßx(A) is measurable for each A in 38. Moreover

(f) We shall use the symbol si for this particular Borel structure.



204 V. S. VARADARAJAN [November

0 ^ ßx(A) ^ 1 for all x in A and A in SB so that the integrals in (D) make sense.

Secondly it may be noted that each Xe is an invariant set and will automatically

belong to SB as soon as each single element set in S belongs to its Borel structure.

Our final remark can be described in the following lemma.

Lemma 4.1. Let ß be a decomposition map of the Borel G-space, let <f # 0,

and let E be a subset of S belonging to the Borel structure of SQ). If A = ß~1(E)

then ßx(A) = 0 or 1 according as x £ A or xeA.

Proof.   The proof follows from the fact that ßx(XßJ = 1 for all x.

Given two decomposition maps ß,ß' of a Borel G-space A we shall say that

ß and ß' are essentially equal if there exist a set N e^V and ßx = ß'x for all

xeX — N. Notice that if ß is a decomposition map of A and N e ^"then ß maps

X- N onto <f ; indeed since e(X - N) = e(Xe) = 1 for any e in g, Xe n A - N is

clearly non-null. We also introduce the notion of unique ergodicity. We shall

say that a Borel G-space A is uniquely ergodic if there exists a measure p on A

such that J= S = {p}. Applying formula (D) to subsets of Xe we easily see that

the G-subspace defined by each Xe is uniquely ergodic with e as the unique in-

variant measure.

The main theorem of this section asserts that every standard Borel G-space

admits an essentially unique decomposition map. We now proceed to develop the

auxiliary propositions needed to establish this result.

Lemma 4.2. Let ê # 0 and let ß be a decomposition map of X. If A is any

invariant set SS there exists a set E £ S such that Eesé and A AJ?_1(£)e JT.

More precisely, if E = {e:eeê, e(A) = 1}, then p(A A ß~1(E)) = Ofor all pe J.

Proof. Write B = j3_1(£). We must show that A A B = (A - B)\j(B - A) is

in JT. Since we may argue with X — A, X — B and S — E instead of A, B and E

it is enough to show that B — A is in JT. Suppose p is an invariant measure. By

the definition of B, ßx(B - A) á ßx(X - A) = 0 for x in B while by Lemma 4.1,

ßx(B -Ä)£ ßx(B) = 0 for x outside B. Consequently p(B -A)= ¡xßx(B - A)dp(x) = 0.

The lemma is proved.

Let ß be a decomposition map and for each fe ^ define /* by setting

/*(*) = ¡xf(y)dßx(y) for all xin A. Let U be the mapping/-*/*.

Lemma 4.3. U has the following properties: (i) Uf is SB-measurable for each

f in SF and Uf=f iff is a constant, (ii) || 17/1| ̂ \\f\\for allf in &, (iii)for each
invariant measure p and each invariant A in SB, we have ¡A fdp = $A(Uf)dp.

Proof. Clearly U is linear and || Uf || g ¡/1| for all / in J5". Moreover, for any

set A in SS, Ui//A is ^-measurable. It follows then easily that Uf is ^-measurable

for each/ in &. It therefore remains to prove (iii). Suppose A = ß_1(E) where

E £ S and E ese. For any set B in SS we have
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fwB)dp =    [ßx(B)dn(x)
Ja Ja

= jßx(BnA)dKx)

since for xeA, ßx(A) = 1 while for x £ A, ßx(A) = 0; and this last integral is

simply p(B n A) = ¡A t//B<ip- In other words (iii) is true whenever / = if/B and

hence for any/ in !F. Using Lemma 4.2 we now infer (iii) for all/in J5" and A

in 88.

Lemma 4.3 points up to a key property of decomposition maps. The property

(iii) implies that for any/in J^and any invariant p, Uf is the so-called conditional

expectation off given the c-algebra 88, denoted by Eß(f\ 38) [9; 16]. Notice that

given / and p, (iii) determines Vf p-almost everywhere. We can now prove the

essential uniqueness of the decomposition maps.

Lemma 4.4. If ß and ß' are two decomposition maps of a separable Borel

G-space then ß and ß' are essentially equal.

Proof. Let U and U' be the mappings associated with ß and ß' respectively,

having the properties described in Lemma 4.3. Since (Ui]/A)(x) = ßx(A) and

(U'\¡/A)(x) = ß'x(A) and since conditional expectations are essentially uniquely

determined, it follows that if we set NA = {x:ßx(A) j= ß'x(Ä)}, then NAe~88 and

H(NA) = 0 for each invariant measure p. Let {AUA2, •■•} be a sequence of sets

forming a Boolean algebra generating J1. If we define JV = \J„NAn then ¡x(N) = 0

for each p in J and ßx = ß'x for x in X — JV.

Our problem now is the construction of decomposition maps and the first step

in our solution is the construction of a map U having the properties described in

Lemma 4.3. To motivate our approach to the construction of U let us consider

the special case of a G-space where G is the group of all integers {0, ± 1, + 2, ••■},

i.e., when we have the group of iterates of a single automorphism x of (X,83).

In this case if we define, for any bounded ^-measurable /,

(Uf)(x) =

lim 1/fi (f(x) +f(x(x)) + ■■■ +f(x"~\x))) if this limit exists,
n-* oo

0        otherwise,

then the individual ergodic theorem of Birkhoff leads us to the conclusion that the

mapping /-» Uf has all the properties described in Lemma 4.3(3). Part of the

difficulty of the problem in the general case of an arbitrary G is the absence of

ergodic theorems of the Birkhoff type.

(3) Note that the U defined here is not linear while that in Lemma 4.3 is linear.
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The next proposition asserts the existence of such mappings in the general

case.

Theorem 4.1. Let X be any Borel G-space. Then there exists a mapping U

of F into F with the following properties: (i) Uf is SB-measurable for each f

in F and Uf =f whenever f is constant, (ii) || Uf\\ g ||/|| for all f, (iii) for each

invariant measure p and A in SB,  /¿/op =  J¿(U/)dp.

Moreover, if U and U' are two such mappings, then for any f, Uf = U'f p-

almost everywhere for each invariant measure p, i.e., {x:(Uf)(x) =£ (U'f)(x)}e^K

Proof. Let G0 = {gj.,g2,---} be a countable dense subgroup of G. Write Gk

for the subgroup generated by {gj.,---,gk}, and Zk for the subgroup generated

by gk- Clearly Gx £ G2 £ •••, \Jk = lGk = G0 and Gk+1 is the subgroup generated

by Gk and Zk+1. Obviously Zx = G^ For any subgroup H £ G0 we write SSH for

the class of all sets A in SB which are invariant under the action of the elements

of H. Clearly äGl a MGi 2 -, @Gk+l = iGlt n^Zfc + 1 and f|?-A» = *o»-

Finally, for any subgroup H £ G0 we write <?/H for the class of all mappings UH

of J^ into F such that (i) for each / in J5", [/„/ is ^„-measurable and UHf = f

when/is a constant, (ii) || UHf\\ ^ ||/|| for all/, (iii) for any invariant measure p

and any A in äH,  ¡Afdp =  ]A(UHf)dp.

We shall first prove by induction that the classes °llGt, °UG2, ■■■ are all nonempty.

Our motivating remarks already imply that ÓUH is nonempty whenever H has a

single generator. Suppose %Gl is nonempty for 1 ^ I ^ k — 1. Choose an arbitrary

mapping [/t_ i from c%Gk_, and a mapping V from ^Zfc. We now define mappings

WUW2,-- in succession by setting W^ = IV i, W2 = FlVi> W3 = Uk^lVUk_1,^-

and so on. Write, for any / in F, Nf = {x:limn^a0(W„f)(x) exists} and Ay

= f]^okg[Nfl  Put

(UJ)(x) =
lim (W„f)(x)      if xeNf,

n-* oo

0 otherwise.

Uk is a well-defined map of & into itself and || UJ || ^ ||/1|. It is also easily shown

that UJ is ¿^-measurable for each/in & and Ukf =/ iff is a constant. Suppose

now p is any invariant measure and/ any function in .F. Since Vu = £„(u |^Z)()

and LVt " = £„(u |^Gt_1) for all u in J^it follows from a result of Burkholder-

Chow [6] that limn_00(lfj)(x) exists for p-almost all x. This means that

p(A - Nf) = 0 and hence p(A - Nf) = 0. If now u is any element in F and

AeSBGk it follows that jAudp = }AVudp= ¡A(Uk-xu)dp. Consequently

we have }Afdp= $A(WJ)dp= ¡A(W2j)dp=~-. We may now conclude

that ¡Afdp= ¡A(UJ)dp. This proves that Uke^Gk and hence that WGk is

nonempty. By induction we infer that all the <%Gl are nonempty for I = 1,2,•••.
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We now show that UGo is also nonempty. Let Uk be an arbitrary element of

^lGk for /c = 1,2, -••. For / in J5" define Mf={x:limk^a0(Ukf)(x) exists} and

Mf=C\gsGogiMfl?ut   '

(U0f)(x) =

lim (UJ)(x)      ifxeMf,

0 otherwise.

U0 is a mapping of J5" into J^and || U0f\\ ;£ ||/|| for all/. Moreover, it is easily

seen that U0f is â?Go-measurable for all/and U0f=fiîfis a constant. Suppose

now p is any invariant measure. Since Ukf=Ell(f\38Gk) and since

38qt 3 88q2 2 •• ■ it follows from the so-called martingale-reversed-sequence

convergence theorem that lims_>00(C/t/)(x) exists for p-almost all x [9; 16]

i.e., ß(X — Mf) = 0 and hence n(X — Mf) = 0. If now A e 88Go, then A is in all,

the 88Gk and hence ¡Afdp= $A(Ukf)dn for all k. This implies that

\Afd\i = lA(U0f)dn and shows that U0 is in the class °UGi3.

For any / in J5", U0f is invariant under the action of all the elements of G0.

We now claim that U0f is p-invariant for each invariant measure p. In fact, if for

g in G and u in 32(¡x) we write (Lgu)(x) = w(g_1x), then g -» Lg is a continuous(4)

unitary representation of G in 3'2(ß); in particular, if hn-+ h then

¡x \Lhu — Lhu |2dp->0. Since Lgr(U0f) = U0f for all r = 1,2, ■■■ and since G0

is dense in G, it follows that for each g in G, Lg(U0f) = U0f p-almost everywhere.

By Lemma 3.3 we can find, corresponding to each / in J5", an invariant 38-

measurable function/* such that U0f=f* p-almost everywhere for each in-

variant measure p. By changing/* on invariant sets in ^Twe can even ensure

that ||/* || ^ ||/1| for all/and that/* =/whenever/is a constant.

If we now define Uf =/* for each/ then U has all the properties demanded

in Theorem 4.1.

The essential uniqueness of conditional expectations implies that if U' is

another such mapping, then for each / in ¡F and p in J, Uf'= U'f p-almost

everywhere.

This proves the theorem.

Remark. If/ is in & and we define (Lgf)(x) =/(g_1(x)) then U(Lgf) = Uf p-

almost everywhere for each p in J. In fact, since p is invariant, jAU(Lgf)dp

= ¡A(Lgf)dp= jAfdp= jA(Uf)dp. for any invariant A in 88 so that the first

and the last equations imply that U(Lgf) = Uf p-almost everywhere. We thus

have {x:(ULgf)(x)*(Uf)(x)}e ^.

We need two technical lemmas before proving the decomposition theorem.

Let Z be a normal Hausdorff space and if the associated Borel structure. Let T be

(4) The continuity follows from the measurability of g -*■ $xv -Lgu ■ dp, for each u and v

in 32(u); cf. [15].
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a nonempty convex set of measures on 88 which is compact in its weak*-topology

and let I" be the set of extreme points of Y. I"" is nonempty by the Krein-Mil'man

theorem.

Lemma 4.5. For any As88, p(A) = 0for all p in T' implies that p(A) = 0

for all p. in F.

Proof. It is known [22] that for any measure v on 88, v(A) = sup\y(C):C ç A,

C a closed Gó}. We may therefore assume that A itself is a closed Gö. Write

c = sup {[¿(A) : p £ T} and rt = {p : p e T, u(A) = c}.

We claim that rt is a compact, convex nonempty subset of T. In fact let {pa}

be a net in T such that px(A)-*c. Since T is compact we may assume that px => v

for some v in T, => denoting weak*-convergence. Now v(A) }¡:limxsup/ia(A)

since A is a closed Gs [22] so that v(A) ^ c, showing that v is in I\. A similar

argument leads to the conclusion that T1 is closed, hence compact. The con-

vexity of rx is obvious.

Let p' be an extreme point of rt. Such a p' exists by the Krein-Mil'man theorem.

We assert that p' e T'. Suppose that p' = avl + (1 — a) ■ v2 where 0 < a < 1 and

Vi, v2 e T. Since p'(A) = c, either v^A) = v2(A) = c or at least one of v^A) and

v204) is > c. The second alternative being impossible, we must have v1,v2er1

and hence p' = vx = v2. We thus infer that p' is an extreme point of T.

Since p(A) g c = n'(A) for all p in T it is clear that p(A) = 0 for all p in T.

The lemma is proved.

Lemma 4.6. Let X be a Borel G-space and X' the G-subspace defined by an

invariant set in 88. Suppose $' is nonempty. Then S is nonempty. If there exists

a decomposition map for X then there exists one for X' also.

Proof. If é" is nonempty and e' is an ergodic measure on X', the measure e

on 38 defined by e(A) = e'(A nX') for all ^4 in 38 is clearly ergodic so that S is

nonempty. Suppose ß is a decomposition map of X. Let E'= {e:eeS and

e(X') = l} and let X1 = {x:xeX', ßxeE'}. By Lemma 4.2, X'-X^eJi:

If we now define ß'x as the restriction of ßx to Xy whenever x is in Zt and as e'0

whenever x is in X' — Xu e¿ being a fixed element of S', it is easily checked that

jS' is a decomposition map of X'.

Theorem 4.2. Let X be a standard Borel G-space and let J ^ 0. Then

S # 0 and there exists an essentially unique decomposition map of X. Moreover,

S is a standard Borel space.

Proof. By Theorem 3.2 X can be regarded as the G-subspace defined by an

invariant Borel set of a compact metric G-space Y. Let JY and SY respectively

be the spaces of invariant and ergodic measures on Y.

G acts continuously on Y and hence JY is a compact convex subset of the
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topological vector space of real-valued countably additive set functions on the

Borel sets of Y. To prove that S ft 0 it is enough to exhibit eeSY with e(X) = 1.

Since J # 0 there are measures ve/r with v(A) > 0 and hence by Lemma 4.5

there are measures e e <$Y with e(X) > 0. Since e is ergodic and A is invariant,

e(X) = 1.

We notice also that «? is isomorphic in a natural manner to the Borel subspace

of S y defined by the set E = {e: e e êY, e(X) = 1}. Now the set of all measures

on F is a compact metric space so that JY is a metrizable compact convex set.

By a well-known result [7] we conclude that SY is a G. in JY. From this we deduce

that £ is a Borel set in JY and hence that ê is a standard Borel space.

It now remains to establish the existence of a decomposition map for A. In

view of Lemma 4.6 we may assume that X = Y. In other words we shall assume,

for the rest of the proof, that A is itself a compact metric G-space. Let G0 be a

fixed countable dense subgroup of G. Let C be the space of continuous functions

on A and M a fixed denumerable dense subset of C containing constants and

such that (i) if fuf2e M and ax,a2 are rationals, ajx + a2f2eM, (ii) if/eM

and geG0 then LgfeM where (Lgf)(x) =/(g_1(x)) for all x. Recall that ¿V

s the class of all invariant sets Ain SB such that p(A) = 0 for all p in J.

Let £/(/->/*) be a mapping of F into F having the properties described in

Theorem 4.1. Since for each p in J, Uf = £M(/| SB) p-almost everywhere, it follows

that forfi,f2 in M and rationals ax,a2,

{xiia./i + a2f2)*(x) ¥= ajfc) + a2fi(x)} ejK

Consequently there exists a set N0e¿V such that

(LWi + a2f2))(x) = ai(Ufx)(x) + a2(Uf2)(x)

for all x in X — N0,f1,f2 in M, and rationals ax,a2. Since G0 is countable we

infer, from the remark following Theorem 4.1, the existence of a set Nt 2 A0 such

that Nt e Jfand (ULef)(x) = (L//)(x) for all x in A - Nu g in G0 and/ in M.

Since || Uf\\ ^ ||/|| and (71 = 1 we conclude that for each x in A - Nlt the map

/-»((7/)(x) is the restriction to M of a unique bounded linear functional tx on

C with ix(l) = 1 and |f»| á¡ 1. A being a compact metric G-space, the map

(g,f) -* Lgf is continuous from G x C to C and since tx(Lgf) = tx(f) for all/ in M

and g in G0 we may conclude that tx(Lgf) = tx(f) for all g in G and/ in C. By a

similar argument we conclude that tg,x)(J) = tx(f) for all g in G and/in C.

Write now, for/in C,

f i,//) ifxeA-A!

I 0

(Vf)(x) =

ifxeNv
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For any/ in M and p in J we have $Afdp = ¡A Ufdp = ¡A Vf dp for all A e 38.

Since / -» (F/)(x) is continuous in/ for each x it follows that jAfdß = jA Vf dp

for all/ in C and 4e J, so that Vf = Efi(f\ä). Consequently, if/^ 0 then (Vf

being an invariant function in any case) {x:(Vf)(x) < 0} e^V, so that a routine

separability argument yields the existence of a set JV2 3 Nk such that JV2 e./Fand

(F/)(x) 2ï 0 whenever x is in X - N2 and/ in C with/ ^ 0. In other words, for

each x e X — N2,f->tx(f) is a non-negative linear functional on C with rx(l) = 1.

It now follows from the Riesz theorem that for each x in X — N2 there exists a

measure ßx on X such that tx(f) = ¡xfdßx for all/ in C. Since tx(Lgf) = tx(/) and

*?(*)(/) = **(/)> we deduce that each ßx is in ./ and ßg(x) = p\ for all x in X - JV2

and g in G.

For each/ in M, tx(f) = (Uf)(x) so that the function x-> jxf(y)dßx(y) is

measurable for all / in M. Since J5" is the smallest class of bounded functions

containing M and closed under bounded pointwise convergence, it follows that

x -» )xf(y)dßx(y) is measurable for each / in 3F. In particular, the functions

x -* ßx(A) are measurable for each A in 38. This shows that x^ßx is a measur-

able map of X — N2 into J.

Since $xfdp = Sx(Uf)dfi for each p in J^ we have the equation

f/dA*=f       ( f/GOdftcGoW*)
Jx JX-N2     VX /

valid for all/ in M. By an easy argument we conclude that it is valid for all/ in ¡F.

In particular, for any p in J and A in ^,

(*) pG4)=   f        ßx(A)dl*x)-
JX-Nz

Suppose now e is an ergodic measure. Since e is two-valued over ^'

£e(/|^)= Jx/dß e-almost everywhere for each/ and hence tx(f)= ¡xfde for

e-almost all x. Since M is countable there exists a set ß 2 N2 such that e(B) = 0

and tx(f) = ¡xfde for all x in X — B and/in M. Since M is dense in C this means

that ßx = e for all x in X - B. If we write íe = {x:xel- N2,ßx = e} then

5; 2 Z - B so that e(ïe) = 1.

Write now JV = {x : x e X - JV2, ßx e J - «?}. Since <f is a Borel set in J, N is

in 38 and is actually invariant. Since XeC\N = 0 for each e in <f, it follows from

the result established in the preceding paragraph that e(N) = 0 for all e. Lemma 4.5

now allows us to infer that JV eJf ..

If we now define ßx = e0 for some fixed e0 in S for all x in JV, it is clear (cf. (*))

that ß(x -* ßx) is a decomposition map of X. Since essential uniqueness has

already been established in Lemma 4.4, the proof of the theorem is complete.

The decomposition theorem leads at once to the following result.

Theorem 4.3.   Any standard Borel G-space is isomorphic to a Borel G-space
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Y having the following properties: (i) the underlying Borel space is the Borel

subspace of the Euclidean plane defined by a Borel set Y £ the unit square

such that D = {u:(u,v)e Y for some v} is a Borel subset of the unit interval,

(ii) for each u in D, the vertical section Yu determined by u is invariant under G

and the G-subspace defined by Yu is uniquely ergodic with unique invariant

measure eu, (iii) an invariant measure p on Y is ergodic if and only if p(Yu) = 1

for some u and p — eu over the class of Borel subsets of Yu.

Proof. Let ß be a decomposition map of A. Since A and <f are both standard

there are isomorphisms Ç and n of A and if respectively onto Borel subsets E and D

of the unit interval. Let £ be the map x -> (C(x), n(ßx)). Ç is a measurable map A

onto a subset Y of the unit square. Since A is standard and £ is one-to-one, Y is

a Borel set and £, is an isomorphism between A and Y. For any ueD define eu as

the measure induced by r\~1(u)eS via the map (, i.e., eu(A) = n~1(u)(C~1(A))

for all Borel subsets A of Yu. Finally define g(y) = ÇgÇ~l(y) for all g and y.

Verification of the properties of Y, D, Yu and eu is omitted.

Remark. A theorem similar to the above can be proved for analytic Borel

G-spaces. We do not prove it however since the extra technical work involved in

handling the analytic nonstandard case seems hardly worth the trouble. In §6

we shall give examples to illustrate the fact that Theorem 4.2 may fail to be true

if the Borel structure of A is not well behaved enough.

The decomposition of a standard Borel G-space into uniquely ergodic components

has several consequences one of which is the fact that every invariant measure

can be represented as an integral of ergodic measures. If the G-space is a compact

metric one then the representation is an immediate consequence of well-known

results of Choquet-Bishop-De Leeuw [3; 7]. However, as we shall see presently

the powerful decomposition theory developed here is also able to take care of this

situation. It is necessary to point out that the representation of invariant measures

as integrals of ergodic measures is in general only dependent on the properties

of the set of all invariant measures and not so much on the action of the group.

In §6 we shall sketch an example of A. N. Kolmogorov which shows that there

are many situations in which integral representations of invariant measures

can be established but in which the decomposition theorem may fail to be valid.

We also point out that Lemma 4.5 is an immediate consequence of the Choquet-

Bishop-De Leeuw theorems. We have given the present proof of this lemma in

view of its simplicity.

We now obtain the representation of invariant measures on standard Borel G-

spaces. In §5 (Theorems 5.3 and 5.4) we shall obtain more general results which

place Theorem 4.4 in its proper setting.

Theorem 4.4. Let X be a standard Borel G-space. Then S is a standard

Borel space and there is a one-to-one correspondence p^a^ between the set of all

invariant measures on X and the set of all measures on ê such that
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KA) =   f e(A)dall(e)

for each invariant measure p on X and all A in SB.

Proof. We may assume J to be nonempty. Then S ^ 0 and by Theorem 4.2

S is a standard space. Let ß be a decomposition map of A and for any invariant

measure p on A, define a^E) = p(/?_1(£)) for all Ees/. aß is a measure on S

and for any A in SB,

p(A) - jxßx(A)dp(x)

=je(A)dall(e).

Finally, if a' is any measure on sé such that p(A) = $ge(A)da'(e) for all A in SS,

we have, for any £ in j^, p(ß~1(E))= ¡ge(ß~\E))da'(e)= }Eda'(e) = a'(E)

so that a = a'. This proves the theorem.

5. The set of invariant measures in the general case. In this section we shall

prove a few relatively simple theorems on the set of invariant measures in the

case of a general Borel G-space. All the three theorems are based on Theorem 4.1

which is the substitute, in our general context, for the Birkhoff ergodic theorem.

Suppose p is any invariant measure. If we observe the equation p(g[/l]) = p(A)

expressing the invariance of p, it is intuitively clear that p can have more or less

arbitrary values on the class of invariant sets. The first theorem of this section

makes this idea more precise and shows moreover that an invariant measure

is already determined as soon as it is given on the class of invariant sets.

Theorem 5.1. Let X be a Borel G-space with underlying Borel structure SB.

Let á? be the class of invariant sets in SS. Then if two invariant measures are

equal over SB they are equal over SB. Moreover, if v is any measure over SS such

that v(N) = Ofor all N e^V, there exists an invariant measure (necessarily

unique) p on SB such that p(A) = v(A)for all AeSB.

Proof. Let U be a mapping of IF into F having the properties described in

Theorem 4.1. We shall prove first the uniqueness.

Suppose px and p2 are two invariant measures which coincide on SS. Then for

any bounded J'-measurable function u, ¡xudpx = ¡xudp2. If Ain SS is arbitrary,

the function Ui//A is ^-measurable and hence we have

px(A) =  ¡(U^dp,   =   ¡(U*A)dp2 = p2(A).
Jx Jx

We now prove that if v is any measure on SS such that v(A) = 0 for all N e ¿V,

there exists an invariant measure p on SS such that p(^4) = v(^4) for all A in SB.
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Suppose v is given. For any invariant measure p' and any/in F, Uf = Efl.(f\38),

and hence from the basic properties of E^^SS) [9; 16] we conclude that the

following relations hold p'-almost everywhere:

U(fi+fi)  =  Uf1 + Uf2

ULgf =  Uf

n Uf„ \ 0 if f\ 0

Uf = /;

hetef,fl,f2 •■■ are in &, (Lgf)(x) =/(g-1(x)) and / is ^-measurable. For fixed

/,/l5 ••• the sets of points of X where the relations in (*) do not hold are indepen-

dent of p' so that these sets lie in JT. Moreover the functions involved in the above

equations are all ^-measurable so that these sets are also in 88. Consequently the

sets in question belong to J/~ and hence are of v-measure zero. If we now define

for all A in 88,

p(A) = jiUfJdv,

then, the fact that the relations (*) hold v-almost everywhere leads to the conclusion

that p is an invariant measure which coincides with v on 88. This proves the

theorem.

Remark. The part of the above theorem asserting that an invariant measure

is determined by its values on 88 was pointed out by J. Blum and D. L. Hanson [5]

in the special case when G is the discrete additive group of all integers.

The class ./fis a <7-ideal in 38. We may thus form the quotient cr-algebra

R = 38/ ̂ V. Clearly there is a natural one-to-one correspondence between the

measures on R and the measures on 38 which vanish over Jf. Given two a-

algebras Rt and R2 and two convex sets of measures rt and T2 over R¡ and R2

respectively, we shall say that r¡ and T2 are isomorphic if there exists a one-to-

one correspondence x : p -» xu between Ft and T2 such that if p„ -* tb_ = v„ for

n = l,2,--- and p0 = c1 • pi + c2 -p2 + ••• where cl,c2,--- are constants ^ 0

with Cj + c2 + ••■ = 1 and p0erly then tw = v0 where v0 = ct ■ vl + c2-v2 + •■■.

We then have the following easy consequence of Theorem 5.1, which is a

generalization of Theorem 4.4 to the case of a general Borel G-space.

Theorem 5.2. Let X be a Borel G-space and J the set of all invariant measures.

Then there exists a a-algebra R such that J is isomorphic to the set of all mea-

sures on R.

We end this section with a theorem which gives, in the general case, a necessary

and sufficient condition that every invariant measure can be represented as an

integral of ergodic measures. Every analytic Borel space will be shown to satisfy

this condition so that this theorem includes Theorem 4.4. We shall say that a
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G-space A has sufficiently many ergodic measures if for any A in SB, p(A) = 0

for all invariant measures p if and only if e(A) = 0 for all ergodic measures e.

Theorem 5.3. // A is an analytic Borel G-space, then X has sufficiently

many ergodic measures. Moreover, in this case, the space ê of ergodic measures

is an analytic Borel space.

Proof. By Theorem 3.2 we may assume that G-space A is isomorphic to a

G-subspace of a compact metric G-space A', defined by an analytic invariant set A.

We may assume that J # 0 . Let £ be an isomorphism of A with A. We denote

by G0 a countable dense subgroup of G. Since G acts on A' continuously, the set

J7' of invariant measures coincides with the set of measures invariant under the

action of the elements of G0.

Suppose A £ A and e(A) = 0 for all eeS. Suppose that for some invariant

measure p, p(A) > 0. If p'(E) = p(£_1(£)) for all Borel sets E, then p' is an

invariant measure and p'*(£[4]) = ¡x(A) > 0. Since £[,4] is an analytic subset

of A it is p'*-measurable so that there exists a Borel subset B £ £[^4] such that

p'(B) = p'*(Ç[A~]) = p(A) > 0. Since we can replace B by \JgeGo g[B], we may

(and do) assume that B is G0-invariant. By Lemma 4.5 there exists an ergodic

measure e¿ of A' such that e0'(B) > 0. Since B is G0-invariant it follows

that e'0(B) = 1. In particular, e'o*0t) = 1 so that there exists a measure e0 on A

suchthat e'0(E) = e0(Ç~1(E)) for all Borel sets £. e0 is clearly ergodic and

eo(^)^eo(í_1(B)) = eó(B)>0. This contradiction proves that A must have

sufficiently many ergodic measures.

It is easily seen that the Borel space Jt of all measures on A is isomorphic to

the subset Jt of the space Jt' of all measures on A' consisting of all measures

v' with v'*(A) = 1. By Theorem 2.1, Jt is an analytic subset of Jt'. Moreover

ê is isomorphic to «#' n Jt. Since S' is a Borel set in Jt' it follows that S' C\ Jt is

an analytic subset of Jt'. This shows that S is an analytic Borel space and com-

pletes the proof of the theorem.

We can now formulate our final theorem in this section. Let A be a Borel

G-space and for each Me SS let

%(M) = {e:eeS, e(M) = 1}.

%(M) £ S and is a set in the Borel structure sé for S. An invariant measure p

will be said to be representable if there exists a measure a on (S,sé) such that

p(A)=   {e(A)da(e)

for all A e SB.

Theorem 5.4. A necessary and sufficient condition that every invariant

measure be representable is that X have sufficiently many ergodic measures.
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If this condition is satisfied, then x(M -» x(M)) is a a-homomorphism of the

Boolean a-algebra 88 onto the Boolean o-algebra si having as kernel the a-

idealJf. Moreover, if p. is any invariant measure and we define a(x(M)) = p(M)

for any Me 88, a is a well-defined measure on (ß, si) and is the unique measure

such that

fi(A)=   L(A)da(e)

for all A in 33.

Proof. It is trivial that if every invariant measure p is representable, then X has

sufficiently many ergodic measures. Suppose now X has sufficiently many ergodic

measures. It is then easily shown that x is a tr-homomorphism of 88 into si with

kernel J/~. We claim that x maps 88 onto si. To prove this, it is enough to prove

that if Ais in 38 and 0 ^ c ^ 1, {e:e(A) ^ c} liesin the range oft. Let /* = U\jja

where Uis a mapping of J^nto F having the properties described in Theorem 4.1

and define M = {x:/*(x) ^ c}. It is easily checked that x(M) = {e:e(A) rg c}.

In fact, if e(M)=l, then e(A) = ¡x^Ade = ¡xf*de = \Mf*de ^ c; while

e(M) < 1 implies, since M is invariant, that e(M) —- 0 and hence

e(A) = j   ipAde = j f*de = \    w, f*de > c.
JX JX JX-M

Finally, since the kernel of x is Jl', given any invariant measure p, the function

er is well-defined on setting c(x(M)) = ¡i(M) for all M in 88. a is obviously a measure

on si. Let p' be the measure on 83 defined by p.'(A) = \s e(A)da(e) for all A in 88.

fx' is invariant and coincides with p on 38. Consequently, it can be concluded from

Theorem 5.1 that p' = p. If a' is any measure on si such that ¡x(A) = \g e(A)do'(e)

for all A, then for any M in 88,

H(M) = Í        e(M)do'(e) + I       e(M)da'(e) = a'(x(M)) = a(x(M)),
JS-t(M) Jx(M)

allowing us to infer that a = a'. This proves the theorem.

Remark. In §6 we shall present examples of separable Borel G-spaces which

do not have sufficiently many ergodic measures. On the other hand Lemma 4.5

shows that any compact Hausdorff G-space has sufficiently many ergodic measures.

It seems difficult to formulate conditions, analogous to that of Theorem 5.3,

in the general case which would ensure the existence of sufficiently many ergodic

measures.

6. Examples. In this section we shall present a number of examples illustrating

various aspects of the foregoing theory.

1. Given any countable group G, there exists an uncountable compact metric

G-space X on which there exist nonatomic invariant measures.
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Let Y be any uncountable compact metric space and let A be the space of all

functions from G to Y. Equipped with the product topology, A becomes a compact

metric space. For any g in G and x in A we define g(x) to be the element of A

given by g(x)(h) = x(hg) for all h eG. The map (g,x) -» g(x) is continuous in g

and x (G has the discrete topology) so that A is a G-space. Given any measure

p on Y we define the measure pG on'A to be the {.unique measureron the .class

of Borel subsets of A such that for all distinct gi,g2, ■•■,gk in G and Borel sets

Ax,~-,Ak<= Y,

liG(B)= UtiAi)
i = l

where B={x:xeA, x(g¡)eAx for all i = 1, 2, ■••,fc}. pG is clearly invariant.

If p is nontrivial on Y, pG is even nonatomic.

2. Examples of standard Borel G-spaces supporting nonatomic ergodic measures

also arise in the theory of stationary stochastic processes. Let G be the additive

group of vectors in n-dimensional space and A the space of continuous func-

tions on G. Equipped with the topology of uniform convergence on compact

sets A becomes a complete separable metric space. For any g in G and x in A

we define g(x) to be the function n -> x(g " 1n) on G. Under the action

(g,x)-»g(x), A becomes a Borel G-space. It can be shown that there are non-

atomic ergodic measures on A (cf. [9] for the elements of the theory of stationary

stochastic processes). When G is the additive group of real numbers the invariant

measures on A correspond to the so-called stationary stochastic processes with

continuous sample functions.

Suppose now that G is the noncompact, non-abelian group of all matrices

g=(o    l/a)

where a > 0 and — co < b < oo. Since the map ij/'.g-* log a is a continuous

homomorphism of G onto the additive group R1 of real numbers, the map

S-*f°ty is an isomorphism of the space X(P}) of all continuous functions on R1

into the space A(G) of all continuous functions on G such that it exchanges the

natural action of R1 on X(RX) with the natural action of G on A(G). Since there

are ergodic nonatomic measures on X(Ri), it follows that there are nonatomic

measures on A(G) which are ergodic under the natural action of G on A(G).

Note that the natural action of G on A(G) converts A(G) into a Borel G-space.

3. Given any infinite countable group G there exists a uniquely ergodic standard

G-space A on which G acts freely, i.e., for any xeA, g(x) = x implies that g is

the identity of G.

Let us take any uncountable compact metric space Y and let us consider the

compact metric G-space A' of all functions from G to Y constructed in 1. above.

Write A0 = {x:xeA', x is one-to-one on G}. A0 is;an invariant Borel set and
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pG(X0) = 1 for any nonatomic measure p on Y. G acts freely on X0. Using

Theorem 4.3 we can find an invariant Borel set X' s X0 such that the G-subspace

defined by X' is uniquely ergodic. Since Gis infinite and acts freely on X', the

unique invariant measure on X'is necessarily nonatomic.

4. Given any infinite countable group G there exists a separable G-space X on

which there exist continuum many invariant measures but no ergodic measures.

To construct such an X we start off with the G-space X' constructed in 3. above

with the unique invariant measure p. Since X' is standard and p is nonatomic

we may (and do) assume that X' is the unit interval and that p is Lebesgue

measure on X'. Let W = X' x X' and for g in G and (x, x') in W, let

g(x,x') = (x,g(x')).

Equipped with the usual Borel structure, W thus becomes a Borel G-space. The

required G-space X will be the G-subspace of W defined by a suitably chosen

invariant subset of W. Let n be a Lebesgue measure on W. For any E ^ W and

any x in X' let Ex = {y : (x,y) e E) and Ex = {y : (y, x) e E}. We need a lemma.

Lemma 6.1. There exists a set Q^W such that n*(Q) = 1 and Qx consists

of precisely one point for each x in X'.

Proof. Let K be the set of all sequences a„ =(aua2,---) where each a¡ is

0 or 1. By the classical construction of Lebesgue, there exist sets M0 and M1s X'

such that M0r\Mt = 0, M0kjM1 = X' and p*(M0) = p*(Mt) = 1. Let X be

the cartesian product of countably many copies of X' and ii the product measure

on It. For any a„ = (a1,a2,—) in K we write

Ma„ =    ft Mas
j = l

where J~[ denotes the cartesian product. It is easily shown that ¡i*(MaJ)=l for

all a„. The Ma^ are mutually disjoint Borel sets in X and \Ja„eKMa„ =•?•

Since there is an isomorphism between X and X that exchanges p and p, and

since there are continuum many a„ in K, we conclude that there exists a family

{M,:0gigl} of mutually disjoint subsets of X' such that IJostsiM, = x'

and p*(M() = 1 for all r. Define now

ô = {(x,r):xeM,}.

Since for any x in X', there exists precisely one t in [0,1] such that xeM„ it

follows that Qx consists of a single point for each x in X'. Moreover, for each

t eX' = [0,1], Q' = M, has p-outer measure 1, so that we may conclude from

Fubini's theorem that n*(Çf) = 1. This proves the lemma.

We now resume the discussion of the example. Let Q e W be a set as in the

lemma and let



218 V. S. VARADARAJAN [November

x - U 8ÍQ1-

X is an invariant subset of W and Xx is a countable set for each x in A'. The

G-subspace defined by A is separable; and since 7t*(A) = 1 there exists a measure

v on A such that n(B) = v(B n A) for all Borel sets B £ W. v is clearly a nonatomic

invariant measure. We claim that there exists no ergodic measure on A. Suppose

in fact that e is an ergodic measure on A. Then the measure e0 defined by

e0(B) = e(B n X) is an ergodic measure on W. It now follows easily from the

construction of W that there exists an x0 e A' such that e0(Wxo) = 1. This means

that e(Wxar\ X) = e(XXo) = 1. This last equation is impossible since XXo is

countably infinite. Thus there exist no ergodic measures on A. By restricting v

to various invariant subsets of positive measure we obtain continuum many

invariant nonatomic measures.

5. Another class of examples arises from a consideration of the so-called

permutation groups. Let N be any countably infinite set and G a countable group

acting on N so that A is a G-space. For any Borel space (A,á?) let (XH,SBN) be

the (product) Borel space of all functions from N to A. A^ becomes a G-space

if we define, for x in XN and g in G, g(x) to be the function n -* x(g~ ' (n)) from

N to A. For any measure p on SB we write pNfor the unique measure on S3N such

that for distinct nx,---,nkin N and Ax,---,Ak in SS,

Ab)= rK4)
i = L

where B = {x:xeAN, x(n;)e^4; for i = 1,2,••-,&}. pN is invariant under G.

The results of §§4 and 5 are thus applicable whenever (X,SB) is an analytic Borel

space.

Suppose now N = G = the additive group of all integers and A the G-space

constructed in 4. above. For any measure p on {% the measure pN is now known

to be even ergodic (in fact XN is the so-called sequence space in which G acts as

a shift). Thus the space of ergodic measures on XN is nonempty. Consider now

the mapping t of A into A* which sends any x in A to the function t(x) defined

by t(x)(h) = n_1(x) for all h e G. x is then easily seen to be an imbedding of the

G-space A into the G-space XN(= XG). Moreover, from the separability of A,

we conclude easily that t[A] is a set in SB*. The measure v on A constructed in 4.

gives rise, via z, to a measure v1 on XN. Clearly v* is invariant and vt(t[A]) = 1.

But vT is not an integral of ergodic measures because if this were the case, there

will exist ergodic measures e on XN with e(r[A]) = 1 ; this will imply the exis-

tence of ergodic measures on A, a contradiction. The example of 4. above and

the example of a shift-invariant measure on A* which is not an integral of shift-

ergodic measures seem to be the first such explicit examples in the literature.

6. Suppose now that N is an arbitrary countably infinite set and G is the group
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all one-to-one transformations n -* g(n) of N such that g(n) = n for all but

finitely many n. This was considered by De Finetti [8] when (X,83) is the Borel

space associated with the real line. The results of De Finetti were extended to more

general situations by Hewitt-Savage (cf. [12] and the references cited there). In

this case it turns out that for any measure p on X, pN is ergodic on XN and that

every ergodic measure on ZNis of the form pN for some measure p on 83. Thus,

whenever X is an analytic Borel space, every invariant measure on X is an integral

of measures of the form pN. It can be shown that this is true even when 38 is only

cr-isomorphic to some sub a-algebra of the Borel structure of an analytic Borel

space. Such Borel spaces (X,88) need not be countably generated. It seems to be

difficult to construct a separable Borel space X such that XN supports invariant

measures which are not integrals of measures of the form ¡j.n.

7. The decomposition theory developed in §4 may not obtain if we omit the

the hypotheses concerning G. A counter-example due to A. N. Kolmogorov [10]

is as follows. Let X0 be the set composed of the two points 0 and 1 and let X be

Xq (cf. 5. and 6. above). For G we take the group of all permutations of JV. Let

G0 be the group of all permutations which leave all but finitely many elements

of JV fixed. Then it is easily shown that a measure on XN is invariant under G if

and only if invariant under G0. In particular, there are continuum many ergodic

measures. There are, however, only countably many orbits. In this case every

invariant measure is two-valued on the class of invariant sets. Notice that the

representation theorems of Choquet-Bishop-De Leeuw apply nevertheless and

lead to representations of invariant measures as integrals of ergodic measures.

8. When X is an arbitrary compact metric G-space it may happen that there are

no invariant measures. Fomin [10] has proved theorems according to which

when G is suitably restricted (abelian, solvable, etc.), there exist invariant measures

on every compact metric G-space.
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